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ABSTRACT. Various generalizations of maximal sets from ordinary recur-
sion theory to recursion theory on admissible ordinals are considered. A justi-
fication is given for choosing one of these definitions as superior to the rest.
For all the definitions considered to be reasonable, a necessary and sufficient
condition for the existence of such maximal a-r.e. sets is obtained.

0. Introduction. Let M be an r.e. subset of w, the set of natural numbers.
Call M maximal if ® — M is not finite, but given any r.e. set A, either (w - A) N
(o - M) is finite or A N (w - M) is finite. In our generalizations of ‘‘maximal
set”’ to recursion theory on an admissible ordinal a, we always replace “‘r.e.”’ by
“‘a-r.e.’’, but consider several notions in place of ‘‘finite’’. We then study sets
maximal with respect to many of these generalizations of *‘finite’’. Our major
result provides a necessary and sufficient condition on admissible ordinals a,
for the existence of maximal a-r.e. sets for some of these definitions; maximal
sets exist for some, but not all, countable admissible ordinals, but for no uncount-
able admissible ordinals. The precise conditions on a can be found at the end
of §5. They are not given here because they require some auxiliary definitions
not suitable for the introduction. The definition of ‘‘maximal’’ used does influence
the existence result for sets maximal under that definition, but only in a very
coarse way; the definition may impose the restriction that the complement of a
maximal set have a short order type. But this restriction rules out the existence
of maximal sets only if there also is no a-r.e., non-a-recursive set whose comple-
ment has an equally short order type.
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We will study maximal sets in the setting of recursion theory on admissible
ordinals.(3) Within this setting, we stress a lattice-theoretic approach. Let Lbe
the first order language of lattice theory. For each admissible ordinal a, let
5(0.) denote the lattice of a-r.e. sets, and let Th(g(a)) be the elementary theory
of the lattice &(a). Thus we prefer to replace all occurrences of *‘finite” in the
definition of maximal with a*A-finite (X is a*A-finite if every a-r.e. subset of X
is a-recursive). Equivalently, X is a*A-finite if X is a-finite and has order type
less that a*, where a* is the least ordinal A such that there is a one-one a-
recursive function with domain a and range A. We have adopted the lattice-theo-
retic point of view because we feel that the most significant known uses and
properties of maximal sets are best formulated in terms of &(a). Lachlan [5]
used their existence to prove the decidability of a certain class of sentences of
£ in Th(&(w)). Machtey [10] showed the same class of sentences of g'decidable
in Th(g(a)) for all a for which maximal a-r.e. sets were known to exist at the
time. It is hoped that this paper will yield some information towards the decid-
ability of that same class of sentences of Lin Th(g(a)) for all admissible ordi-
nals a. Soare [20] proved that given any two maximal w-r.e. sets, there is an
automorphism of &(w) carrying one to the other. Consequeatly, any two maximal
w-r.e. sets have the same 1-type in 8 over &w), i.e., any sentence of £ with one
free variable satisfied by one maximal w-r.e. set is satisfied by all maximal w-
r.e. sets. Owings [13] has shown that if a = wa, i.e., a is the least admissible
ordinal greater than w, then there are at least two different 1-types of maximal
a-r.e. sets over 5(0.) (hence there are maximal sets which are not automorphic
to one another over 5((1)). “We hope, however, that our work will begin to shed
some light on the question of when two maximal a-r.e. sets are automorphic.

The generalizations of *‘X is finite’’ which we consider, involve restrictions
both on the order type of the set X and on whether X is to be a-finite, a-t.e., or
a-bounded. In choosing reasonable definitions of maximal set, we require that a
set should not be maximal only because the order type of its complement is suffi-
ciently small. Using such a definition, some maximal sets would be a-recursive
(an uninteresting situation, in our opinion). These are excluded by our preferred
notion of maximal set, which satisfies two basic criteria. First, the preferred
class of maximal sets is definable over &(a). This fact was important in Lach-

lan’s work quoted earlier. Second, the class is invariant under the following
passage to a quotient lattice: Starting with the particular notion of finite used to

(3) We refer the reader who is interested in reasons for generalizing recursion theory
to G. Kreisel, Some reasons for generalizing recursion theory, Logic Colloquium (Pro-
ceedings of the Summer School and Colloquium in Mathematical Logic, Manchester,
August, 1969), North-Holland, Amsterdam, 1971, 139-198. :
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define maximal, we obtain a lattice by factoring &a) by the ideal consisting of
these same generalized finite sets; a set is maximal with respect to the defini-
tion, if and only if it is a maximal element of this corresponding quotient lattice.
Having determined to adopt a lattice-theoretic approach, this should be the justi-
fication for the use of the word maximal. The definition which we have chosen is
the only one known to satisfy both these criteria. Our preferred definition is also
broad enough to allow maximal sets with a-bounded complement, thus including
Owings’ example mentioned above. Yet it is narrow enough to prevent a set from
being maximal solely because its complement is a-bounded (and thus inhibits the
proliferation of 1-types of maximal sets). It remains to be seen whether or not the

facts about g(a) to be discovered in working with our definition can better be
expressed by means of a different one. A generalization of Soare’s automorphism
theorem, mentioned above, to maximal a-r.e. sets could provide a good indication
of the usefulness of our definition. '

Our definitions of maximal a-r.e. sets include the nine definitions proposed by
Kreisel and Sacks [3], all of which differ from our preferred definition. Sacks, in
one of his jollier moods, related to me that Kreisel had originally wanted to pro-
pose twenty-seven definitions, and only with much difficulty was Sacks able to
dissuade him from doing so. This was fortunate, else there would have been
twenty-seven somewhat unsatisfactory definitions of a maximal a-r.e. set in [3].(4)
Ve follow the somewhat dubious precedent set by Kreisel and Sacks in that we
obtain a necessary and sufficient condition for the existence of a maximal a-r.e.
set, not only for our preferred definition, but for all the definitions which we con-
sidered and decided were reasonable. Our justification for this is that little more
work is involved, and the information obtained may prove to be of interest.

Maximal a-r.e. sets for some a > w were constructed by Kreisel and Sacks
[3], and this construction was extended to a larger class of admissible ordinals
_ by Lerman and Simpson [9]. These sets were maximal with respect to all the
definitions in [3]. Sacks [16] showed that there are no maximal a-r.e. sets for
R i“ (the first cardinal which is not constructibly covntable) under any definition
of maximal a-r.e. sets in [3}; in fact, Sacks’ proof works for any successor cardinal
of L (Gddel’s universe of constructible sets). Simpson [19] extended the class
of admissible ordinals for which it was known that no maximal a-r.e. sets exist,
and Lerman and Simpson [9] showed that there are no maximal a-r.e. sets when-

(4) The twenty-seven definitions were obtained by replacing each occurrence of
“*finite’’ in the definition of maximal set by one of {finite, a-finite, a-bounded}. Recently,
A. Leggett has shown that if a-finite is used in all three places, the definition obtained
is extensionally equivalent to our preferred definition. However, the a-finite sets do not
give rise to a quotient lattice of &(a), so this definition still does not satisfy our second
criterion.
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ever a is an uncountable admissible ordinal of L. We extend these positive and
negative results to obtain a necessary and sufficient condition (on a) for the
existence of a maximal a-r.e. set.

The outline of this paper is as follows. $1 deals with preliminary definitions
and notation. $2 contains all the facts about a-recursion theory which we use,
and which have nothing to do with maximal sets. In $3, we define various notions
of a maximal a-r.e. set, give criteria for considering a definition reasonable, and
explain why we feel that one definition is superior to the rest.

$4 contains the proof of the nonexistence of maximal a-r.e. sets for various
@, and §5 contains the proof of the existence of maximal a-r.e. sets for varjous
a. Combining the existence and nonexistence results, we obtain a necessary
and sufficient condition for the existence of maximal a-r.e. sets. We conclude
the paper in $6 with some remarks and open problems.

We have attempted to make this paper reasonably self contained, and thus
hopefully accessible to all mathematical logicians. We assume only familiarity
with Gédel’s definition of the hierarchy of constructible sets, {L o @ an ordinall,
and the notion of a formula being % . definable over L _ for all integers n. Several
theorems are quoted but not proven. The proofs of these theorems follow almost
immediately from definitions, with the exception of Jensen’s Zn-projectum theo-
rem [2]. One need only believe Jensen’s result, however, to follow our proofs.

Certain abbreviations will be used in this paper. These abbreviations were
recently ratified by the Cambridge consortium of a-recursion theorists, and will
be defined in the paper.

1. Preliminaries. We first introduce the notation which we will be using.

Let a be an ordinal. If A C a, then A will denote the relative complement
of Ain a, i.e. {x: x<a and x ¢ A}. A will also be used to denote the character-
istic function of A4, i.e., that function defined by A(x)=1if x € A and x< a, and
A(x)=0if x ¢ Aand x< a.

If { is a function on ordinals and S is an ordinal, f ]/3 will denote that function
such that f 15(")= f(x) if f(x) is defined and x <, and f ]B(x) will be undefined
otherwise.

If f:a =3 and g: B — y are functions, then g° f: a — y will denote the
function such that g o f(x) = g(f(x)) for all x < a, if f(x) and g(f(x)) are defined,
and g © f(x) will be undefined otherwise.

If { is a function, then dom(f) will denote the domain of f, i.e., {x: f(x) is
defined}. If f is a function of 7 variables, Ax, -+ x[f(x,,++-, x )] will denote
that function g of k variables such that g(y,»***, y,)=f0;s***, y,s X1t %)
whenever the latter is defined, and g(y,,---, ¥,) Will be undefined otherwise.

If { is a function, we say that lim,_ _f(r)=y if there isa A with 7<A <o
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such that for all v, if A <v <o, then f(v) is defined and f(v)=y.

If y and § are ordinals, then [y] will denote {x: x < y},.and [y, 8] will denote
{x: y <x<8). When confusion is unlikely, [y] and y will be identified.

Let A be a set of ordinals. sup(A) will denote the least ordinal y such that
x <y for all x € A. inf(A) will denote the least element of A. If A is finite, then
max(A) will denote the greatest element of A.

The following definitions include the basic definitions of a-recursion theory.

Let a be an ordinal. A function f is said to be partial a-recursive if its
graph is %, over L. {is said to be a-recursive if [ is partial a-recursive, and
dom(f) = [al. ACa is said to be a-finiteif A€ L,. ACa is said to be a-r.e.
if A is the range of an a-recursive function. A C a is said to be a-recursive, if
both A and A are a-r.e. AC a is said to be a-bounded if there is a y < a such
that for all x, if x € A, then x<y. A C a is said to be a-unbounded if A is not
a-bounded. A Ca is said to be y-regular, if y < a and if for all 8 <y, A]B is a-
finite. A C a is said to be regular if A is a-regular. Finally, we say that a is
an admissible ordinal if given any partial a-recursive function f, and any a-finite
set B such that B C dom(f), then f(B) is a-finite,

Since there is a one-one a-recursive correspondence between [a] and L, it
suffices to consider only sets of ordinals and functions of ordinals in studying
effective computability over L ,. This explains why the a-recursive functions
were defined to be total only on [a], and not necessarily on all of L ar

a will henceforth denote a fixed but arbitrary admissible ordinal. All func-
tions should be considered to be total functions unless otherwise specified.
Details about the mechanics of a-recursion theory can be found in [3] and [16].
We merely mention the following remarks, which will be used later in this paper
without referring to this section,

Remark. Let A be an a-r.e. set which is not a-recursive. Then there is a
one-one a-recursive function f: & — A such that {{a]) = A.

Remark. Let A be an a-recursive set which is not a-finite. Then there is a
one-one a-recursive function f: @ — A enumerating the elements of A in order
of magnitude.

Remark. Let 4 be an a-finite set. Then there is a y < a and an a-finite
function f: y — A such that dom(f) = [y] and f enumerates the elements of A in
order of magnitude.

Remark (Enumeration Theorem). There is an a-recursive enumeration
{Wl.: i<al of all the a-r.e. sets. Furthermore, there is a double a-recursive
enumeration {W;: i < a and 0 < a} such that W{ is a-finite for each i < a and
o<a,U{Wf:a<a}= W, for all i<a, and if 0 <7<a, then u';.’g W'ifotalli<a,,

We will sometimes say that two quantities are equal when both are undefined.
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Thus a = b will mean that either @ and b are both defined and equal, or both
undefined.

2. Cardinals, cofinalities, and projecta. This section contains a potpourri of
facts which will be used later. Many of these facts are used in most priority
argument proofs in a-recursion theory, so we decided to separate them from the
proofs of our main theorems, and organize them into a separate section.

We say that*y < a is an a-cardinal if there does not exist a one-one a-finite
function with domain y and range an ordinal <y. y is a singular a-cardinal if y
can be expressed as an a-finite union, over an a-finite index set of a-cardinality
<y, of a-finite sets, all of a-cardinality <y. y is a regular a-cardinal if y is an
a-cardinal which is not singular.

For any o-finite set 4, let car&(A), the a-cardinality of A, be the least y<a
such that there is a one-one a-finite correspondence between A and y. We note
that for any a-finite set A, card(A) is an a-cardinal.

The 2, projectum of a, a*, was introduced by Kripke [4], and is defined to
be the least ordinal y < a such that there is a one-one a-recursive function
[: @ — y. Many of the following properties of a* are well known.

Lemma 2.1. If a*< a, then o is the greatest a-cardinal.
4

Proof. Clearly o* is an a-cardinal. Let f: a —a”* be a one-one a-recursive
function. If there were an a-cardinal 8> a, then since a is admissible, /([8])
would have a-cardinality > a* since [ is one-one, so f((Bl) £ a*. This contradic-
tion proves the lemma.

Lemma 2.2. Assume that a*< a. Then there is an a-r.e. set AC a* such
that A is not a-recursive.

Proof. Let f: . — a* be a one-one a-recursive function. Then f([al) is an
a-r.e. set. Since f([al) is bounded by o, if f({a]) were a-recursive, f(al) would
be a-finite. But then f~!: f{al) — & would be such that /~!(/{al)) = [a] which
is not a-finite, contradicting the admissibility of a. Hence f(la]) cannot be a-
finite.

Lemma 2.3. Assume that a*< a. Let A be an a-r.e. set which is not a-
recursive. Then there is an a-finite set B C A such that B bas order type > a*.

. . . *
Proof. Let f be a one-one a-recursive function enumerating A. Then fda™D
is a-finite and has order type > a”.

Lemma 2.4. Assume that o< a. Let A be an a-finite set such that A has
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order type > a*. Then there exists an a-r.e. set B C A such that B is not a-

recursive.

Proof. By Lemma 2.2, there is an a-r.e. set C C a* such that C is not a-
recursive. Let f be a one-one a-recursive function enumerating C. Let g: a* —
A enumerate the first a* elements of A in order of magnitude. Let B=go
f{al). B is an a-r.e. set. If B were a-recursive, then since g is an a-finite
function, B must be a-bounded, hence a-finite. But then, since a is admissible,
g 1(B) = C would have to be a-finite, which is impossible by choice of C. Hence
B cannot be a-recursive.

Lemma 2.5. Let A be an a-r.e. set. Assume that A bas order type y < a*.
Then A is a-finite.

Proof. Assume that A is not a-finite. Then there is a one-one a-recursive
function f enumerating A. But {({a*]) C 4, and f(a*]) is a-finite and of order
type > a*>y, hence A cannot have order type y. This contradiction proves the
lemma.

Lemma 2.6. Let A be an a-r.e. set which is not a-recursive. Let y=

sup(f—\l and let 3 be the order type of A. Assume that y< a. Then y> a* and
B>a".

Proof. A proof appears in [9]. We offer a slightly different proof. First
assume for the sake of contradiction, that y < o*. Then by Lemma 2.5, :"ﬂy is
a-finite. Hence 4 =[y] - Aly must be a-finite, so A must be a-recursive, con-
tradicting the hypothesis of the lemma. We must therefore conclude that y> a*.

We note that A]y is a-r.e., but is not a-recursive, else A= A'I,y v ly, al
would be a-recursive. Let f: a — Al'y be a one-one a-recursive function enumer-
ating A],y. For each s<a, let A® ={y: (3x)(x <s and f(x) = y}. Then AS is
a-finite for each s<a.

Without loss of generality, we can assume that A is y-egular. For if not,
and v is the least ordinal such that A]v +1 is not v + 1 regular, then A satisfies
the hypothesis of the lemma with v replacing y, and 8= the order type of Al ,
replacing B. Hence by the conclusion of the lemma, since 8'< B, a*<B'<B.

For each x <y, define g(x) to be the least s < a such that [x] - A5 has
order type <8. Then g is a partial a-recursive function such that dom(g) is an
initial segment of [y]. Let [8] = dom(g). Since a is admissible, g((8]) is a-
finite. Let A="sup(g(d])). Since g(&]) is a-finite, A <. We note that y=24.
For if 8 <y, since A is y-regular, there is a A'< asuch that A’qs = Aly; and
since & <y = sup(A), there is an x € 4 such that 6 < x < ¥, so A]s must have
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order type < 8. Hence [8] - A has order type < B, so g(8) is defined. Since

8 = y, by the definition of g and §, [y] - A™ has order type <, and since A< a,
[yl - A* is a-finite. Let b: 8 — [yl - A* enumerate [y] - A® in order of magni-
tude. Let p: a — B be defined by p(x) = b~ 1o f(A + x). Then p is a one-one a-
recursive function from a into 8. By the definition of a*, 8> a*. This completes
the proof of the lemma.

Ve will next define what we mean by an §, function. The reader will prob-
ably notice imnediately that a function is §, over L, if and only if it is 3 , over
L ,, so we feel obligated to explain our motivation at this point. The definition
of S, functions is more suitable for recursion theoretic purposes than the defini-
tion of 22 functions. Furthermore, the definition gives rise to a natural hierarchy
of functions, and it is in terms of S, functions that we get the necessary and
sufficient condition for the existence of maximal a-r.e. sets. The set of §
functions does not seem to contain the set of 23 functions, so the {En: n< o}
hierarchy is not suitable for our purposes. We note, however, that for a = w, the
{S,: n <w} hierarchy and the {2 : 7 <} hierarchy coincide, so that no such dis-
tinction is necessary in ordinary recursion theory.

Let B<aandy<a. Let f': a x 8 —y be an a-recursive function. We
say that f' generates an S, function if for all x<@, lim___ f ‘o, x) exists.

f: B —yisan§, function if there is an o-recursive function fliaxB -y
such that f ! generates an § 2 function, and for all x <f, f(x) = lim__ f/ '(0, %).
In this case, we say that ' generates { as an S , function.

If y<aandd< a, then f: y — 8 is said to be a cofinality function if
{(y]) is cofinal with [8].

Let B<aandy<a. Let f: 8 — ybean S, function. Ve say that f is
tame, if there is an a-recursive function f': @ x B — y such that f' generates [
as an S, function and (8 < B)(30-< a) (7> o) (x < 8)(/'(r, x) = f(x)), and (5 < B)
(IA<y)(fA3)) C[AD), i.e., /' witnesses the fact that ]y is a-finite and bounded
below y for all 6<B. If BCB< a, then we say that B is a tame S, subset of B
if BT/S (here B represents the characteristic function of B) is tame.

Let y < a. Ve define the §, cofinality of y, s2cf(y), to be the least ordinal
8 <y such that there exists an §, cofinality function f: d—y.

The S, cofinality of a was introduced by Stillwell [21] under the name
recf(a). The §, cofinality of a has since appeared in print under many aliases,
among them, the 22 cofinality of a, 22 - cof(a), and cf2(a). We use s2cf as the
abbreviation recently adopted by the Cambridge consortium of a-recursion theo-
rists. §, cofinality is important in a-recursion theory, because it tells you that
if you simultaneously try to do less than s2cf(a) things a-effectively, and each
thing involves < a steps, then the whole procedure is a-finite, The importance
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of this fact should be evident to those familar with the finite injury priority argu-
ment technique of ordinary recursion theory.

Tameness was introduced in [7], as a way to do Post’s problem for admissible
ordinals. It resulted from the observation that the 21 substructure argument of
Sacks and Simpson [17], despite its aesthetic appeal, was unnecessary to obtain
a solution to Post’s problem, and that the reason that the argument in [17] works,
is that the indexing of requirements is tame. We noted in [7] that any sufficiently
short tame indexing of requirements will suffice to do Post’s problem for all ad-
missible ordinals, and that it is unnecessary to construct one particular such in-
dexing in advance. We will discuss the importance of tame functions in more
detail after defining tame S, projecta. The definition of tame was introduced
here in order to prove that there is a tame S, cofinality function f: s2cf(y) — y.

Lemma 2.7. For all y < a, s2cf(y) is an a-cardinal. If s2cf(a) < a, then
s2cf(a) is an a-cardinal.

Proof. Fix y < a, and assume s2cf(a)< a if y = a. Since s2cf(y) <y,
s2cf(y) < a. Let 0 = card(s2cf(y)), let g: & — s2cf(y) be a one-one a-finite
correspondence between s2cf(y) and &, and let f: s2cf(y) — y be an § , cofinality
function. Then fog: 8 —myisan § , cofinality function, hence 6> s2cf(y),
since 8 = card(s2cf(y)) < s2cf(y), the lemma is proven.

Lemma 2.8. Let b: 8 —y be an S, function where 8 is a limit ordinal. If b
is not tame, then s2cf(a)<&.

Proof. Let »': a x & —y be an a-recursive function generating b as an § 2
function. Define f': ax 8 —a by (0, x)= 0 for all x <9, and f'(s; x) =
lim,_  f'(r, x) if lim,_ b (7, y) exists for all y <x, and ['(, x) = 0 otherwise.
Let u be the least A <& such that either lim_ _, f ‘(0, M) does not exist, or
1 ax[r+1] does not generate a tame S, function. p must exist since b is not
tame. We now note that f'] axy 8enerates a tame \) 2 function. Furthermore, if
/ ’]ax o, 8enerates frp —aas an S, function, then f is a cofinality function, since
for all A < a, there are x <p and o > A such that b (0, x) # lim,_ b (7, x), so

f'(os x)> A for all o > A, Thus s2cf(a) < 8.

Lemma 2.9. For each y < a, there is a strictly increasing tame S , cofinality
function g: s2cf(y) —y.

Proof. There are two cases to consider.

Case 1. There is an a-recursive § , cofinality function f: s2cf(y) —y. We
note that every partial a-recursive function with a-recursive domain is an § 2
function. Let B = s2cf(y). For each x <3 define g(x) = sup(ig(y): y < x} U {f(x)}).
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Then & = {x: g(x) <y} is an initial segment of 8, so 6 < 3. Furthermore, since
f(x)<y, 8=, else gls: & —y would be an §, cofinality function, contradicting
the choice of B = s2cf(y). g is strictly increasing by definition, and since every
.sttictly increasing partial a-recursive function with a-recursive domain is tame,
the lemma is proven in this case.

Case 2. No partial a-recursive function as in Case 1 exists. Let B = s2cf(y)
and let f': a x B —y generate an § , cofinality function. We note that B <y <
a, else the identity function on 3 would satisfy the conditions of Case 1. We
define g': a x B — ¥ by induction on {o: 0 < a} and then by subinduction on
{x: x<BL If lim,__f'(r, y) exists for all y<x, define g'(o,x) =
lim, _ g '(r, x). Otherwise, define g'(0, x) = sup(ig'(o, y): y<x} U
i’ y): y <BY.

Ve first note that if lim,_,_ f ‘7, y) exists for all y < x, then lim._, g 'r, y)
exists for all y < x, since g'(r, x) can change its value only if f'(7, y) changes
its value for some y < x. sup(ig'(0, y): y<x})<yforall x<B and o< a, else
Ayg'(e, y): [xl @ yisan § , cofinality function, which is impossible since
x <8 =s2cf(y). Also, sup(if'(o, y): y<B})<yforallo<a,else Ayf'(o, y): B—
y would satisfy the condition for Case 1. Hence g' is well defined, and total
on ax f3.

Assume that g’ does not generate a tame § , function. Let 3 be the least
A <B such that either lim__ g ‘(0, B) is not defined, or g ']ax[ g+1] does not
generate a tame S2 function. Let b': a x § — y be defined by b'(o, x)=
g'(0, x) forall 0 < a and x <8. Then b’ generates a tame § , function, and for
all o < a there are 7 and x such that 0 <7< a and x <& and (7, x) #
limy_,f'(A,x). Let v<y be given, and choose z < such that f(z)>v. Leto
be sach that for all 7> 0, f'(r, z) = f(z). Then for some x<J, thereisa 7>0
such that ['(7, x) £ lim a—rf ‘M, x). Fix such an x, and a 7 for x. Then for all
A>7g'(\ x)> f(2)>v, so b'\, x)>v. Thus b’ generates an S , cofinality
function, contradicting the choice of 8 <8 = s2cf(y). We must therefore conclude
that g’ generates a tame § , cofinality function g.

Since Axg'(o, x) is strictly increasing, g must be strictly increasing, so the
lemma is proved.

Lemma 2.10. Let A be an a-r.e. set which is not a-recursive, and let 3 be
the order type of A. Then s2cf(a) < B.

Proof. Let [ be a one-one a-recursive function enumerating A. Let A% =
{x: (3y)(y <o and f(x) = y)}. Let {a]: i <P} enumerate the first B elements of
A7 in order of magnitude, and let {ai: i < B} enumerate 4 in order of magnitude.
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Ve define an a-recursive function g': a x 8 — a as follows: If =0 and x < S,

then g'(0, x) =0; if 0> 0 and x <, then if a] # lim, _ a:, we define g'(0, x) =
7

o; and if a;7= lim, _ ,a , then g '(0; x) = v, where v is the least ordinal such
that a_ = a.

For each x<f, let §_= {o: g'(0, x) # lim _ g '(r, x)}. Let S, have order
type p and let {s(i, x): i <p} be the enumeration of the elements of § , in order
of magnitude. Note that S _is a-recursive. Assume that S_ is a-unbounded, for
the sake of obtaining a contradiction. Then p=a, and for all i<a,
g'(s(i, %), %) # lim, __ 8 (7, x) for every x. By the definition of g’, we must
have af("") # lim,_‘s(i'x)a: for all i < a and x:(fi’;) But if 0 <7 then a < a,",

so the function bx: a — a defined by bx(a) =a,

a-tecursive function for each x < f3, hence the range of bx must be a-unbounded

is a strictly increasing

for each such x. But for all o, a;7< a, < a, yielding a contradiction. We must
therefore conclude that S, is a-bounded for each x <. Hence lim, _ g'(r, x)
must exist for each x <, so g’ generates an §, function g: 8 — a.

Let A <a be given. Since 4 is not a-recursive, there exists a 8 > A such
that f() = aj’: for some x < 3. Fix the least such 8. Then lim, _, sa: # af for
this x. Hence g'(d, x) >8> Aforallo > 8. Thus g(x)> A, so g is a cofinality
function. Hence B8 > s2cf(a). This concludes the proof of the lemma.

Lemma 2.11. Let A be an a-r.e. set which is not a-recursive, and assume
that ACy<a. If card(y) = w, then s2cf(a) = w.

Proof. Since ACy, 4 has order type <y, so by Lemma 2.10, s2cf(a) < y.
Since a is admissible, s2cf(a) > w. Since card(y) = @ and s2cf(a) <y,
s2cf(a) £ w by Lemma 2.7. The lemma now follows immediately.

We will next define the tame § , projectum of y, ts2p(y), forally < a. We
introduced ts2p(a) in [7] as tp2(a), the tame X, projectum of o, and used it in
[8] under a different, but equivalent definition. The change from tp2 to ts2p
follows the recommendations of the Cambridge consortium of a~recursion thearists.
The definition we will give below is different from the previous definitions, but
is equivalent to them. The change in definition follows the recommendation of S,
Simpson, who feels that it is more natural to look at maps going up than at maps
going down, and that functions being considered no longer need be one-one. We
completely agree with him, and note also that this change sfmplifies notation,

We say that f: 8 — y is a projection if f([8])=[y]. For each y< a, we
define ts2p(y), the tame S 5 brojectum of y, to be the least ordinal 6 <y such
that there is a tame S, projection f: § — y.

The importance of ts2p(a) in priority arguments is that it allows a short
indexing of all requirements such that every proper initial segment of requirements



352 MANUEL LERMAN

under this indexing reaches its final set of priorities at some a-finite stage. The
shortness of the indexing eases convergence problems. We use ts2p(a) in a
different way in §4; it enables us to get S 3 projections from v onto w, uniformly
for all v <ts2p(a).

Lemma 2.12. s2cf(a) <ts2p(a) < a*.

Proof. The fact that s2cf(a) < ts2p(a) is immediate from the definitions.
The proof that ts2p(a) < a* can be found in [8]. Briefly, it goes as follows.

Let f: a—a* be a one-one a-recursive function, and let A = f(a]). Let 8
be the order type of A, and let g: 8 — A be the one-one, onto, order preserving
function. Then [~!og: 8 —a is a tame S, projection.

Lemma 2.13 (Simpson). ts2p(a) is at least & such that not every tame S 2
subset of 8 is a-finite.

Proof. We will only need the lemma to show that if 6 is an a-cardinal and
there is a tame S, subset [ of 8 which is not a-finite, then ts2p(a) < 8. Since
the proof of the lemma has not yet appeared in print, we offer a sketchy proof of
this latter fact.

We assume that 8 < a, else the lemma is immediate. Since [isan § 2 subset
of 8, there is an a-recursive function f: a x 8 — {0, 1} such that I(x) =
lim, _, . f(o; x) for all x < S. lisatame S 2 subset of 8 which is not a-finite, so
the function g: 8 — a defined by g(x) is the least ¢ such that f(7, x) = f(o, x)
for all 7> 0, is a tame §, cofinality function. §, and 22 are identical, so by
Jensen’s 22 projectum theorem [1] there is a partial § , function b mapping a
subset A of & onto a. Since bis § ,on A, there is an a-recursive function
b': a x 8 — a such that for all x € A, h(x) = lim_ _ b (0, x). For x<& and
y <8, define p: 8.8 = aby pd-x+y)=h'(g(x), y). Since §<a and g is
tame, p is a tame §, projection. Let ¢: 8 — & - 8 be a tame a-finite projection.
g exists since 0 is an a-cardinal. Then p©4q: 8 — a is a tame S, projection,
hence ts2p(a)<d.

Ve are now ready to introduce §, functions. Let f'*axaxB—ybean
a-recursive function. We say that f' generates an S 3 function if for all 0 < a,
lim, _ f '(0, 7, x) exists for all x<f, and lim o —alimy _of (0, 7, x) exists for
all x<B. Wecall ifB—yan$ 3 function, if there is an o-recursive function
f': ax ax B —y such that ' generates an 33 function and for all x< B, f(x) =
lim, _,lim,_,/'(0, 7, x). In this case, we say that /' generates { as an S 3
function.

Lemma 2.14. If f: B —y is an S, function, then f is an S 3 function.
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Proof. Let f': o x 8 — y generate { as an S, function. Define g Taxax
B —ybyg'lo 1, x)={'(r, x). Clearly g ' generates fas an § 3 function.

We define s3cf(y), the S, cofinality of y, for each y < a by s3cf(y) is the
least ordinal 8 such that there is an §; cofinality function f: 6 —y.

Lemma 2.15. For all y < a, s3cf(y) < s2cf(y).
Proof. Immediate from the definitions and Lemma 2.14,
Lemma 2.16. For all y < a, s3cf(y) is an a-cardinal, whenever s3cf(y) < a.

Proof. As in the proof of Lemma 2.7.
We define s3p(y), the § 3 brojectum of y, for each y < a by s3p(y) is the
least ordinal & such that there is an § 5 projection f: d—y.

Lemma 2.17. For all y < a, s3p(y) < ts2p(y).

Proof. Immediate from the definitions and Lemma 2.14.

Lemma 2.18. For all y < a, if s3p(y) < a, then s3p(y) is an a-cardinal.
Proof. As in the proof of Lemma 2.7.

Lemma 2.19. Let f: 8 —y and g:y — & be S, functions. Then go f: B—
disan§ 3 function. If, furthermore, f and g are projections, then g©° f is a pro-
jection.

Proof. The second half of the theorem is immediate.

Let f': a x a x B — y generate { as an §; function, and let ghaxaxy—
J gernerate g as an S, function. Define b':axaxB —8byb', 1 x) =
g'(e, 7 ['(0; 7, x)). Then lim__ lim, _ b'(s, 7 %)= g(f(x)), so b' generates
g°fasan§, function.

Lemma 2.20. s3cf(a®) = s3cf(a).

Proof. We may assume that a*< a. Let f: « —a*be an a-recursive func-
tion. We note that A = f([al) is an a-r.e. set. A cannot be a-recursive, else
f~1: A = a would be a partial a-recursive function and A an a-finite set, con-
tradicting the admissibility of a since /~!(4) = [al.

Let g: s3cf(a) — a be an §; cofinality function. Then fo© g: s3cf(a) — a*
isan S, function. If sup(/© gls3cf(a)])) = a*, then s3cf(a*) < s3cf(a). Bur if
sup(f © gdls3cf(a)])) = 8 < a*, then by Lemma 2.5, A N[8] is a-finite, so since a
is admissible, /~ }(A N[8]) must be a-bounded. But g({s3cf(a)]) C f~ (A n[8])
contradicting the fact that g is a cofinality function. Hence s3cf(a’®) < s3cf(a).

Let b: s3cf(a*) —a*bean$s 3 cofinality function, and let



354 MANUEL LERMAN

bl:axax s3cf(a ) — a*be an a-recursive function generating b as an S
function. Define p': a x a x s3cf(a*) — a by p'(o, 7, x) = sup(fA: A<r and
fA)<hb (o, 7, x)}). Since b'(o, 7, x) < a* , and since by Lemma 2.5, {A: A <7 and
fA) < b'(0; 7, x)} is a-finite, lixn,._~ o0 '(0; 7, x) exists for all 0 < a and x <
s3cf(a®). Furthermore, lim _ lim__ ,#'(@, % x)=sup(A: A< a and /()t) < b))
so p' generates an § 3 function p. Since b([s3cf(a )) is cofinal with a* and
since each A < a is such that f(A) < h(x) for some x < s3cf(a¥), p: s3cf(a*) —a
isan § 3 cofinality function. Hence s3cf(a) < s3cf(a*). This completes the
proof of the lenma.

Lemma 2.21. For all y < a, s3cf(ts2p(y)) < s3cf(y).

Proof. Let f: s3cf(y) »ybean S 3 cofinality function, and let g: ts2p(y)—
y be a tame S, projection. Let f ‘s ax ax s3cf(y) — y generate f as an S'3
function, and let g’: a x ts2p(y) — y generate gas an S , function. We define an a-
recursive function b': a x a x s3cf(y) — ts2p()) as follows. b (0, 1, x) =y if
f'(o; 7, x) = z and y is the least ordinal <7 such that g'(7, y) = z if such an
ordinal exists, and y = 0 otherwise.

Since g is a tame S, projection, lim, _ ,lim,_ b '(, 7, x) must exist for all
x < s3cf(y). Hence b' generates an § 3 function b: s3cf(y) — ts2p(y). If
sup(b([s3cf(y)]))=8 < ts2p(y), then since f(s3cf(y)]) C gdts2p(y)] N [8]) and since
g is tame, sup(f(s3cf(y)])) < sup(g((ts2p(y) N [8])) = A <y, so f cannot be a co-
finality function. We must therefore conclude that sup(b(s3cf(y)])) = ts2p(y),
hence s3cf(ts2p(y)) < s3cf(y).

Lemma 2.22. Let 8 be a limit ordinal, and let {': a x a x w x & — & be an
a-recursive function such that for each v < 8, Aorxf'(a, 7, % V) generates an S 3
projection {,: w — v. Assume furthermore, that s3cf(8) = w. Then s3p(d) = w.

Proof. Since 8 is a limit ordinal, s3p(8) > w. We will define an a-recursive
function b': @ x @ x @ + @ — & such that b’ generates an § 3 projection. Hence
s3p(d) <@ - w. By Lemma 2.18, we can then conclude that s3p(d) = w.

Let g': a x ax o — & generate the § 3 cofinality function g. Define
b'ostw-n+m)={f'(o,7, m g'(0, 7, m)) forallo<a,r<a, m<w, and n<w.
b' is clearly a-recursive.

Since f' and g’ generate § 3 functions we must have lim, _ b ‘o, 7, %)
exists for all 0 <a and x<® - w. Fix m<w and < w. Then since {'and g’
generate S functions f and g, lim _ lim, _, ab'(a, Hhw-n+m= [ )(m)
Hence b' generates an §, function b @ + @ — 8 such that for all m < o and
n<w, blw 'n+m)= /g (n)(m) Since g is a cofinality function, and since for all
1<, [,y © = [g(n)] is a projection, b must be a projection. This concludes
the proof of the lemma.
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3. Definitions of maximal sets. Let M C @ be an w-r.e. set. We say
that M is maximal if M is not finite, but given any w-r.e. set C, either M N C or
M N C is finite.

This definition of maximal w-r.e. set is due to Myhill [12]. Myhill hoped
that maximal w-r.e. sets existed, and that no maximal w-r.e. set would have as
its Turing degree, the complete w-r.e. Turing degree. Friedberg [2] constructed
a maximal w-r.e. set, but Yates [22] then constructed a maximal w-r.e. set with
complete w-r.e. Turing degree, ruining Myhill’s proposed program.

As we mentioned in the introduction, we feel that the major importance of
maximal w-r.e. sets is their relationship to &(w). Lachlan’s [5] decision pro-
cedure for a certain natural set of sentences of £ over 5(&)) uses the existence
of maximal w-t.e. sets, and their definability over &(w). _Hence a superior(5)
definition of maximal a-r.e. set, we feel, should be definable over 5(0.). Since
one may also want to study certain quotient lattices of &a) modulo appropriate
congruence relations, we feel that any reasonable definition of maximal a-r.e.
set should yield a maximal element in one of these quotient lattices. With this
in mind, we offer the following generalizations of finite.

For the rest of the paper, let K ={a} U{x: « is an a-cardinal}. Let x € K.
We call F C aan xB-finite set if F is a-bounded and of order type < x; we call
F C a an xR-finite set if F is an a-r.e. xB-finite set; and we call F C aan xA-
[inite set if F is an a-finite xB-finite set.

For the rest of the paper, let ] ={xA, xB, xR: x € K}. For z €],

z ¢ {aA, aR} the z-finite sets form an ideal in &(a), hence if we define C ~, D
for C, D € &a), by C~_ D if and only if (C~ D) U(D - C) is zfinite, then
~, is a congruence relauon. This is not the case, however, if z €{ad, aR}
and a*<a.

Let M be an a-r.e. set, and let y, 2 € . We call M a yz-maximal a-r.e. set
if M is not y-finite, but for any a-r.e. set C, either M NCor M NC is zfinite.
The definitions of maximal a-r.e. set introduced by Kreisel and Sacks [3] are the
yz-maximal a-r.e. sets for y, z €{wB, aA, aB}.

From the preceding remarks, the only definitions of maximal a-r.e. set which
we would consider reasonable are the zz-maximal a-.e. sets for z € |, z ¢ {aA, aR}.
For such z, we get maximal elements of the lattice 5(a)/~z. Other definitions
may be useful in that they may be definable over &(a) or their existence may
imply the existence of maximal sets under some reasonable definition. We feel,
however, that none of the other definitions should be thought of as defining maxi-
mal sets in the true sense of maximality for a lattice theoretic approach.

Of all the reasonable definitions mentioned in the above paragraph, we wish

(3) Again we mean in the lattice theoretic setting.
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to single out one definition, a*Aa*A-maximal, as being the most natural one at
this time. This is because “‘F is a*A-finite’’ is definable over &(a ), hence *‘M
is a*Aa*A-maximal” is definable over &(@). It is easy to see that the predicates
“AUB=C”,"ANB=C",and “A = B”’ are definable over &(a). We use the
same definitions as Lachlan [6]. Define *'R is a-recursive” if and only if R has
a complement in &(@), and *'F is finite”’ if and only if every subset of F is a-
recursive.(6) *Finite’’ coincides with **a*A-finite’’. Should other definitions of
maximal a-r.e. set prove to be definable over &(0) and yield maximal a-r.e. sets

which are not a”Aa”A-maximal, the situation would have to be reevaluated as to
which definition is the best.

We conclude this section with some easy lemmas about maximal sets. These
will be of use to us in subsequent sections.

Lemma 3.1. Letx,y€ K, X €{A, B, RYand v € ]. Then

(3.1) If x <y and M is a yXv-maximal a.-r.e. set, then M is an xXv-maximal
a-r.e. set.,

(3.2) If x<y and M is a vxX-maximal a-r.e. set, then M is a vyX-maximal
Qer.e. set.

(3.3) If M is an xRv-maximal a-r.e. set, then M is an xAv-maximal a.-r.e. set.

(3.4) If M is an xBv-maximal a-r.e. set, then M is an xRv-maximal a-r.e. set.

(3.5) If M is a vxA-maximal a-r.e. set, then M is a vxRemaximal a.-r.e. set.

(3.6) If M is a vxR-maximal a-r.e. set, then M is a vxB-maximal a-r.e. set.

Proof. Immediate from the definitions.

Lemma 3.2. Let x € K, X, Y € {A, B, R}. Assume that M is a kXkY-maximal
Qer.e. set. Then M is not an asr.e. set.

Proof. Assume to the contrary that M is an a-r.e. set. Since M is a-r.e., M
must be a-recursive. Let M have order type B. Since M is a-recursive, if M is
a-bounded, B = a; hence in any case B > « since M is not kX-finite. Let f: B—
M be the a-recursive function enumerating M in order of magnitude. Let C =
{y: (3x)(3u)(x = 2u< B and f(x) = y)}. Since « is an a-~cardinal and B8 > K, both
C NMand C N M must have order type > k. So neither M N Cnor MNC canbe
kY-finite. But C is an a-r.e. set, so we have a contradiction which proves the

lemma.

Lemma 3.3. Let M be an a AaR-maximal a.-r.e. set. Then either Mis a-
unbounded or M is an a*Aa*R-maximal a-r.e. set.

Proof. Assume to the contrary, that M is a-bounded, but that M is not an
a*Aa*R-maximal a-r.e. set. M cannot be a-recursive because of Lemma 3.2.

(6) These definitions, we believe, were first noticed by Lacombe.
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Thus M is not a*A-finite. Hence there is an a-r.e. set C such that either M N C
or M NCis a-.e., but neither MN Cnor MNC is o*R-finite. This can only
happen if the intersection which is a-r.e. is an a-bounded set of order type > a¥,
and a*<a.

Assume first that M N C is a-bounded, a-r.e., and of order type > a*. I
MANC is a-recursive, let D= M N C. Otherwise, by Lemma 2.3, choose D to be
an a-finite subset of M N C of order type > a*. By Lemma 2.4, choose E to be
an a-r.e. subset of D such that D N E is not a-recursive. Since D is a-recursive,
D N E cannot be an a-r.e. set. Then E U D is a-r.e., so since M is aAaR-
maximal, either (E U D)NMor(EuD) N M is an a-r.e. set.

If (EuD)N Mis a-.e., then ((E UD) N M) UD is an a-r.e. set. But
((Eu D) N M) UD = M since D C M, so M is a-r.e., contradicting Lemma 3.2. If
(EuD)NMis ar.e., then (EUD)NM=ENDNM=E NnDsince DCM, so
D N E is a-r.e., contradicting the choice of E.

We must therefore conclude that M N C is a-bounded, a-r.e., and of order
type > a*. If M ACis a-recursive, let D= M NC. Otherwise, by Lemma 2.3,
choose D to be an a-finite subset of M N C of order type > a*. By Lemma 2.4,
choose E to be an a-r.e. subset of D such that D N E is not a-recursive. Since D

is a-recursive D NE cannot be an a-r.e. set. Then E UD is a-r.e., so since M
is aAaR-maximal, either (E UD) M or (E UD) N M is an a-r.e. set. In either
case, a contradiction is obtained as in the previous paragraph, proving the lemma.

Lemma 3.4. Assume that there exists a kAkB-maximal a-r.e. set M,, with
k € K and let y = sup(M - Then there exists a kAkB-maximal a-r.e. set M such
that M has order type <«, and MCy.

Proof. Let M, be a kAxB-maximal a-r.e. set such that ﬁl has order type B
and M, C[yl. We can assume that 8>k, else the lenma is proven.

Let A be the least ordinal such that Ml N [A] has order type «, and let G =
[A al. Let M=M, UG. Then M has order type k, so M is not kA-finite,

Let H be any a-r.e. set. Since M, is a kAk B-maximal a-r.e. set, either
Ml NHor Ml N H is kB-finite, i.e., has order type <« and is a-bounded. Since
MCM,, we have hereditarily that either M N H or M N H is xB-finite; also
McClyl. This proves the lemma.

Lemma 3.5. Let M, be a kAxB-maximal a-r.e. set, for k € K, such that Hl
is a-bounded. Then there is a kAkB-maximal a-r.e. set MQ M, anday<a
such that M Cly] and M is y-regular.

Proof. Let 6= sup(Ml). If M, is d-regular, let M= M , and we are done.
Assume, therefore, that M, is not d-regular. Let y be the least ordinal < &
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such that M, is not y + lregular. Let M= M, U [y, al. Clearly M; C M and
MCIyl. If Mwere a-finite, then since M, N [y] is a-r.e., M; N [y] would be a-
finite, so M, would be y + 1-regular. Hence M cannot be kA-finite. Since

M C M, the rest of the proof follows as in the last paragraph of the proof of
Lemma 3.4.

Lemma 3.6. Let M be a kAxB-maximal a-r.e. set such that M has order type
B and M is a-unbounded. Assume that there is no k AkB-maximal a-r.e. set M,
such that M \ is a-unbounded and has order type < B. Let &< B be given. Then
there is a v< a such that B=& - v.

Proof. Since £< 8, there are v < a and p <& such that B=E&-v+p. Assume
that > 0. Let A be the least ordinal such that M N[A] has order type £ - v.
Then A<a. Let M;=MUI[Al. Then M is a-unbounded, so M, is not kA-
finite. Since M, CM, and M is KAKB-maximal, for any a-r.e. set H, either H N M
or H N M is kB-finite, so hereditarily, M, is xAxB-maximal. But M, has order
type p < £ <8, contradiction. Thus p = 0, proving the lemma.

4. Nonexistence. Throughout this section, let x € K, X € {A, B, R},
where K, A, B, and R are as defined in $3. we prove the nonexistence of kXkX-
maximal a-r.e. sets for various a.

The first nonexistence theorem for maximal a-r.e. sets was proved by Sacks
[16], who showed that there are no aBaB-naximal a-r.e. sets for a = N{". In
[9], Lerman and Simpson proved the nonexistence of several types of maximal a-
r.e. sets for all a > Ri‘. Our main lemmas in this section are stronger versions
of those in [9], the proofs here being somewhat more complicated.

For much of the work in this section, it suffices to consider only «AxB-
maximal a-r.e. sets. For the sake of notational convenience, we call such sets
x-maximal throughout this section.

Our first theorem gives us one of the two conditions on a necessary for the
existence of a k-maximal a-r.e. set.

Theorem 4.1. If there exists a k-maximal a-r.e. set, then s2cf(a) <k.

Proof. Assume that M is a k-maximal a-r.e. set. By Lemma 3.4, we can
assume that 8 <k, where B is the order type of M. By Lemma 3.2, Mis not a-
r.e., hence M is not a-recursive. Hence by Lemma 2.10, s2cf(a) < B < «.

Much of the remainder of this section is devoted to proving the following
theorem.

Theorem 4.2. Assume either that there exists a k-maximal a-r.e. set for
some k < a*, or that there exists an aBaB-maximal a-r.e. set. Then s3p(a) = w.
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Proof. Let y be the least ordinal p < @ such that there exists a k-maximal
a-r.e. set P with PCpif k < a*, and let y = a otherwise. Let 8 be the least
ordinal v < a such that there exists a k-maximal a-r.e. set P with P Cy and such
that P has order type v if k < o*, and let B be the least order type of the comple-
ment of a kBxB-maximal a-r.e. set if a*<a =«. Let Mbe a k-maximal a-r.e.
set such that M Cy and M has order type 8 if k < a*, and let M be an aBaB-maxi-
mal a-r.e. set such that MCy and M has order type B if a*<a=k. Let 8=
s2cf(a), m,= ts2p(a), and my= s3p(a).

Let ¢ be a one-one a-recursive function enumerating M. For each o <a, let
M, =1y: (3%)(x <0 and §(x) = y)l. For each 0 <a, let {m;: i < a} be the ele-
ments of M - in order of magnitude, and let imi: i < B} be the elements of M in
order of magnitude.

If 7, = w, we are done. Hence we assume that 7, > . Under this assump-
tion, we show that 7 3=, a contradiction wliich proves the lemma.

We now outline the rest of the proof. If M is a-bounded, we show that
m, < B. If Mis a-unbounded, we show that m, < 8. Using these facts, we show
that s3cf(172) = w and that s3p(v) = w uniformly for v < 7, The theorem then
follows from Lemma 2.22 and Lemma 2.19.

Lemma 4.3. If M is a.-bounded, then m, < B.

Proof. By Lemma 3.2, M is not a-recursive. Since y < a, by Lemma 2.6,
a*<B8<y<a. By Lemma 2.12, m, =ts2p(a) < o*. Hence 7, < a*<B.

Lemma 4.4. If M is a-unbounded, then m, <.

Proof. Let b': a x 8 — a generate a strictly increasing tame § , cofinality
function b: 8 — a. By Lemma 2.9, b exists, and we can assume that b' witnesses
the tameness of b. If 8 = a, we are done. We therefore assume that 6 < a. We
will partition a using an a-recursive sequence of a-finite sets, {Ai: i <8}, The
A; will be constructed by induction on the set of stages, {o: 0 < al.

Stage 0. For all i <8, let A) =g,

Stage o > 0. Let jbe the least i < such that b'(g, i) # lim, _ b'(r, i) if
such an i exists. If no such i exists, set A:.’: Ur <o A: for all i <& and go to
the next stage. Assume that j exists. Let D7 ={x<o: x ¢ Ui<8 U,. AL
Define A7 = U, . AL for all i <8 such that i # j, and A7= U,. »A7 VD
Then go to the next stage.

For each i <9, set Ai =U o< aA:.’. Since the construction is a-effective,
each A, is an a-r.e. set.

We next prove the following assertions about the construction.
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(4.1) If i<5, j< 95, and i# j, then A;NA =g.

(4.2) For all x < a, there is an i <J such that x € A‘.

(4.3) For all i< §, there is a u < a such that sup(U]s, ,) <p.

Since (U; .54 - (U, <5 U, .o 1) D’ and since D7N (Y. <8Ur<aA:)=
&, (4.1) follows immediately.

Let x < a be given. If x ¢ Ui<5 A, then for all i <98, h(i) =
lim _ b ‘(0, i) = b'(x, i). Hence b must be a-recursive, contradicting the admis-
sibility of a since 8 < a. Thus x € Ul <s A, proving (4.2).

Since b 'generates b as a tame S, function, for each i <J there isap<a
such that b'(o; )= b'(u, j) for all a’_>_ p and j<i. From the construction, we
must therefore have sup( U] < i4;) = sup( Ui.<.i A;.") <u, proving (4.3).

Ve now define IC [81by i €I = (3x)(x € A, N M and (y)(j)(j < i and
yeaA N M = x>y)). Ve prove the following assertions about I.

(4.4) 1 is cofinal with 8.

(4.5) I is a tame 52 set.

(4.6) 1 is not a-finite.

Let i <8 be given. By (4.3), there is a p < a such that sup(U’ <i l_ <p.
Let jbe the least n < 8 such that n> i and such that there exists an x e M N
A N lp, al. Since M is a-unbounded, such a j must exist by (4.2). But by
definition of I, j € I, proving (4.4).

Define I': a.x 8 = {0, 1} as follows. I'(o, i) = 1 if thete is an x in ﬂa_ n A;’
such that for all ye M_ N (Ui<i A;’), x> y; and I'(o, i) = 0 otherwise. I' is
clearly an a-recursive function. Let j <& be given. Assume first that I(j) =
i, jel Letv=sup((U, ;40N M). By (4.3), v<a. Since j €I, there
is aleast x €M NA; such that x> v. By (4.3), let sup(U,, i A)=0<a.
Then for each < j, 4, = A:, so (U, < A)N [v, x] is an a-finite subset of
M, hence there is a stage 7> 0 such that (U” i A:) Nlv, 1 CM,and x € A’

We now note that for all A> 7, I'(\, ) =1, so I(j)=1=lim r—al ()t )8 Now
assume that I(j)= 0, i.e., j 1. Let v=sup({J, _.A ) NM), let x= sup(4)),

n<j n

and let 0 = sup(UnqA") Again by (4.3),v<a, x<a, and 0 < a. Since
A, N [v, x] C M, there is a stage 7 > 0 such that A Nlv, x1 C M. We note that
forall A>7% I'(\, )=0,s0 I(j)=0= lim, _ I ()t /). Hence I'generates I as
an §, function. Since 8 = s2cf(a), I is tame by Lemma 2.8. Thus (4.5) is
ptoved. _

Assume that [ is a-finite. Then there is a one-one a-finite function 0,
enumerating [ in order of magnitude. Define I, CIby x €1, == (3y)(3 2)

(y=2-zand 0(y) = x). Let I2 =]- ’l‘ _Then l2 and Il are disjoint a-finite
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subsets of I, so since J is a limit ordinal by Lemma 2.7, (4.4) tells us that I,
and I, are both cofinal with 8. Let B, =U{Ai: i €l }and let B, =U{Ai: iel}.
By (4.1), B, and B, are disjoint a-r.e. sets. Let v < a be given. By (4.2),
there is an i <8 and a z> v such that z € Ai' Fix suchan iand z € Ai‘ Let
p=sup(U, ;A) N M). By (4.3), p<a. Since I, and I, are cofinal with & and
subsets of I, there are m €1, and # €I, such that i <m < §, i <n<J, and x and
y such that x>p, y>y, x €A N M, and y €A N M. Note that x € B and

y €B,. Since v<z<p<xandv<z<p<y, both MN B, and M N B, must be
a-unbounded. Since M N B, 2 M NB,, neither M N B, nor M N B, can be xB-
finite, so M cannot be k-maximal if k < o*, and M cannot be aBaB-maximal if
a*< a =«. This contradiction proves (4.6).

We now note that by (4.5), (4.6), and Lemma 2.7, the hypothesis of Lemma
2.13 is satisfied. Hence by Lemma 2.13, 7, = ts2p(a) < 8, proving the lemma.

We return to the proof of Theorem 4.2. For each £ such that w < €< 7, we
construct an a-recursive sequence {Cifz i <& of a-r.e. sets. The construction
proceeds by induction on the set of stages {o: 0 < a}. Fix &

Stage 0. Forall i <{let Cio =g.

Stage 0> 0. For all i <&, let Cf’a= (U,‘q,Cf;A) Ufx: x<oand x<y and
(INGEA)(x= m;'and i=E A+l

This completes the construction. For each i < &, let Cf = Ua - aCso.
Clearly for all i < £, Cié is an a-r.e. set.

Ve now define an a-recursive function g': a x a x m,X my, — Y. For each ¢
such that w < €< 7 AoTxg ‘(0y 7, x, &) will generate an § 3 cofinality function.
fé<worifd>& g'(0s 4 8)=0. If @<&<m,and A<, we define g'by
cases.

Casel. y=a. Define g'(o; 7, A, €) = sup(ff + N M, nlol).

Case 2. y< a. Define g'(0, s Ay &) = the order type of E‘f’, nM, N[yl

Lemma 4.5. Let £ and x be given such that v < €< m, and x € M. Let x=
m. Then

(4.7) there are only finitely many r < & such that x € Crf; and

(4.8) x=lim,, _,am;’.

Proof. We note that if x = m:.’= m; and 7 > o0, then since ﬁ, C Ma, we must

have n<i. Thus {r< & x e Cf} must be finite, else we would be able to define
an infinite decreasing sequence of ordinals. This proves (4.7).

Since M has order type B, j < 8. We prove (4.8) by induction on {n: n < Bl
By induction, we may assume that m, = lim_ _ am;’ forall i<j, Let v =
sup({mi: i<j}). Then v< x, and for each y < x, there is a stage o such that
{z:z<yandz € Hal has order type < j; for if y < v, there is an X, € M
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such that y < % <y, and since Xo = lim m:." for some i < j, such a o must

o —a
exist. For all y <v, let 6(y) be the least o such that [y] N ﬁc has otder type
<j. Then 0: v —a is an a-recursive function with a-finite domain, so
sup(6([v])) < a by the admissibility of a. Let A = sup(8([v])). Since [v, x] C M,
there is a stage p such that [v, x] C M and A < p <a. Ve note that for all 7> p,
[x] N M, has order type j, so x = mp lxm —a™ T, proving (4.8).

Lemma 4.6. For each & such that w < £ < ), Ao1xg ‘(0, 1, x, £) generates an
§5 function A xg(x, & such that

(4.9) if y=a and x< &, then g(x, .f)- sup(M nc5)< a; and

(4.10) if y< a and x< &, then B = a* and g(x, f) is the order type of
Mn Cf, which is < .

Proof. Fix ¢ such that @ < £ <,, and fix x <&, We proceed by cases.

Case 1. y= a. By Lemma 4.4 and Lemma 2.10, 7, <8< B, so £< 8. Since
every kBxB-maximal a-r.e. set P with P a-unbounded is a k Ak B-maximal a-r.e.
set, by Lemma 3.6, there is a v < a such that 8 = £ . v. By (4.8) of Lemma 4.5
and the definition of Cf if p <v, then Mg yex € Cf Thus Mn Cé is a-
unbounded since M is @-unbounded and B=¢&+v. Since (O £ is a-r.e, and M is
either k-maximal or kBkB-maximal, Mn Cf must be a-bounded.

Since C§ and M are a-r.e. sets, if 7<A<a and 0<a, then Cf nM N
[0l 2 Cf N M N [o]l. Hence Arg'(0, 7, x, &) is nonincreasing for r> o. Thus
lim, _ g (cr, 7, x, §) exists, else we could define an infinite decreasing sequence
of ordinals. Let y = sup(Cf N M). We have shown in the preceding paragraph
that y < a. If o>y, then since [y, glcCMuU C , [y, ol is a-finite, and M U Cf
is an a-r.e. set, there is a 7 < a such that [y, a] C Cf U M,, for all A such that
r< A<a. Henceif 0>y, then lim, _ g ‘o, 7, %, f) < y. But clearly
lim, _,g'0; 7, %, §) > y. Thus lim_ _ lim__ g'(0, 7, %, &)= y. Thus Axg(x, &)
is an S function on domain [¢] as defined in (4.9).

Case 2 y < a. Then by the hypothesis of the theorem, x < a*. By Lemma
3.4,8< a*. 'By Lemma 3.2 and Lemma 2.6, 8> o*. Hence B = a*. By Lemma
2.1, B= &+ a*. By (4.8) of Lemma 4.5 and the defmmon of Cf, if y < a* then
Moy ex €C£ Thus C‘f N M must have order type a*. Since k< a* Cf NnM
cannot be KB-fmxte so since Cf is a-r.e, and M is k-maximal, Cf NnM must have
order type < a*. Furthermore, since C§ U Mis a-r.e., by Lemma 2.6, Cf nNM=
Cf U M must be a-finite. Consequently, (Cf U M) N[yl is a-finite.

Since (C§ U M) N[yl is a-finite, there is a stage 7 such that for allA> 7,
(C AUM )n[)’]—(cg NM)N[yl. Fix such a 7. Then for all A >,



MAXIMAL a-R.E. SETS 363

Cf n M Nyl = Cf NMnI[yl. By definition, lim_ _,lim. _ g ‘o, 1, %, &) =
lxm,, —~a8'(0, 7 x, f) = lim, _, , (the order type of Cf N M, N [yl) = the order type
of Cf N M N[y] = the order type of Cf N M. Hence Aeg'(x,Hisan S 3 function
on domain [€] satisfying (4.10).

Ve note that if x>&, g'(0, 7, x, £) = 0 for all 0 < aand 7 < @, so g’ generates
an S, function on all of its domain. This concludes the proof of the lemma.

Lemma 4.7. For each £ such tbat o< E< Lo
(4.11) if y = a, then Axg(x, é)lg 3 —-a isan S, cofinality function; and
(4.12) if y < a, then Axg(x, £)] £ & watisan S cofinality function.

Proof. By Lemma 4.6, Axg(x, O] £ isan § 3 function. Fix & such that
@ < §<m, We proceed by cases.

Case 1. y = a. We must show that g((£], £) is cofinal with a. Let A<a
be given. Since M is cofinal with a, there is an x € M such that x> \. Since
&> w, by (4.7) there is an i < £ such that x ¢ Cif. 'Hence by (4.9), g(i, £) > A,
proving (4.11).

Case 2. y < a. We must show that g((€], &) is cofinal with a*. Assume for
the sake of contradiction that sup(gé], £)) = p < a*. Since « < a* and y<a,
by Lemma 3.2, Lemm326 and Lemma 3.4, B = a* <a. For each i<¢,

g(i, § <B = a* by (4.10), and g(i, &) is the order type of M NCS. By Lemma
2.6,M N Cf =MuU Cf is a-finite, since M and Cf are a-r.e..sets. Hence
My Cf ynhlis a~fm1te. Thus there is a stage o such that for all 7> o,
M, v Cf,) n[y] My Cf) N [yl. Define 6: £ — a by 6(i) is the least stage
osuch that M ﬁcf has order type < p. 0 is a-recursive, and since &< m,<a
and a is admxssxble, 0([{']) must be a-finite. Let A = sup(0((£])). Then for all
r>Aand i< {" M a] C§ has order type < p. Since ¢f> w, by (4.7), for each
x € M there is an i < f such that x £ Cf By choice of A, we must therefore con-
clude that MC U{cf,\n My: i <&, Smce é<m, <a* by Lemma 2. 12 and
since p<a*, U fo NM)‘ i< ¢} has a-cardmahty < a* (recall that a* is an
a-cardinal, so there i isa regular a-cardinal 7 < a* such that n>pandn> ¢
(namely, 7 = least a-cardinal > max{y, £}); if the above union had a-cardmahty
> o* , we would contradict the regularity of 7), hence has order type < o*. Thus
M C U{C ﬁMA i < £} so M has order type < ot , contradicting the fact that
a*= B= ordet type of M, and proving (4.12).

Lemma 4.8. s3cf(7,) = w.

Proof. If y = a, choosing &= w shows s3cf(a) = w. If y < a, then by
(4.12), s3cf(a®) = o. By Lemma 2.20, s3cf(a) = w. By Lemma 2.21, sScf(nz) <w,
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so since 7, is a limit ordinal, s3cf(7,) = , proving the lemma.

We return to the proof of Theorem 4.2. Define an a-recursive function
b':axaxwxn,—m, as follows. If £<w, b'(0, 7, 4, £) =i if i<{, and
b'o, 7, i, E)=0if i>& If w<EX 7, we define the ordering <§', of [£] by
i<§.,j ifglloyn i, E)<g'loyn 1, &), ot g'loy 78, E)=g'(0, 7, j, E)and i< .
Then Axh (0, 7, x, £) enumerates the first w elements of [£] in order of magnitude
according to the ordering prescribed by <§,.

Similarly, for © < £ <), we define the ordering <% of [£] by i < j if
g(i, &)< g(j, &) or gli, £) = g(j, £) and i < j, where g is given by Lemma 4.6.

b: w x m, — m, is defined by A(i, Er=iifi<é<w, b(i, £)=0if £<i<w, and
Axh(x, £) enumerates the first w elements of [£] in order of magnitude according
to the ordering prescribed by <%, if £> .

Lemma 4.9. Forall £<m,, Xorxh' (o, 7, x, €) generates Axh(x, &) as an
S, function,

Proof. The lemma is clear if {<w. Fix & such that @ < {<w,. Define the
ordering <§ of [£] by i<§ jif lim, _ g'(0, 7, i, ) <lim, _,g'(0, %, j, &), or
lim, _,g'(@, 7 i, §)=lim, _,£'(0 7, j, §) and i < j. Since g'generates an S,
function, lim, _, .8 '(0, 7, x, &) exists for all 0 <a and x<¢, so <§ is well
defined for all o < a. Since Arg (0, 7, x, £) is a nonincreasing function, for
each 0 < aq, if %, <§xl <§ .o -<§ x, are the first » + 1 elements of [£] under
<§, and if A is chosen such that for all 7> A and i <7, g'(0; 7, x;, &)=

lim, _ g (o, 1, x5 £), then %, <§,r % <g',. .e <§,r x, are the first n + 1 elements
of [£] under <§, for all 7> A, Hence lim, _ b'(0, 7, i, £) exists forall 0 < a
and i < @, and .yields the first @ many elements of [£] under <§ in the correct
order. If y < a, then the definition of g 'did not depend on o, so <§ and <¢
coincide, for all < a, and lim,_,lim, _b'(0, 7, i, §) = lim, _ .5 (0, 7, i, £),
so b’ generates b as an S, function.

Assume that y = a. We proceed by induction on {7n: » <w}. Assume by
induction that for all j < n, there is a stage s, such that for all o > S
lim, _ ,b'(0, 7, j, §) = b(j, ). Fix such stages {s].: j<nl.

Let t, be the least stage u < a such that y > max(} s i <n}) and for all
j<nand o>y, lim,_ 8" (0, %, b(j, £), &) = g(h(j, &), £). t, must exist since 7
is finite and g 'generates gasan$ 3 function. Let Ao = max({g(b(j, &), &):
j<nl). Let x be the least element of M such that x> A, Since M is a-unbounded,
x must exist. By (4.7) and the definition of g ' L={z: Qo> x)(3r >0)

& '(o, 7, 2, £) < %)} must be finite. Choose s, >ty such that for all z € L and
all 0>s,, lim, _ g "0, 7, 2, &) = g(z, ). We note that {b(j, £): j<n} C L.
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Fix o such that s, <o <a. Let ¢, be the least ¢ such that for all 7> ¢ and all

zel,g'lo, 7, 2, &) = gz, &), t, exists since L is finite. Then for all 7> ¢,

b'(o, 7, n, &) = b(n, £). Thus the induction hypothesis is verified for j= n, and
the lemma is proved.

Lemma 4.10. Assume that &< m,. Then for each x < ¢ thereisan i<w
such that b(i, £) = x.

Proof. The lemma is clear if £ <w. Fix £ such that w < €< 7,, and fix
x< & Let g(x, £)=v. Assume first that y = a. Let z € M be such that z>v.
Then by (4.7) and (4.9), g(y, &) <v for only finitely many y < £, since z € M N
E‘f for all but finitely many y < £. Hence h(i, £) = x for some i< @ by the
definition of h.

Assume now that y < a. As noted in the proof of Lemma 4.9, for all y <&
gy, &)= lim. _, .8 "0, 7, y, ). If there are only finitely many y < & such that
gy, £) <v, we are done by the definition of h. So we may assume that there are
infinitely many y < & such that g(y, £) < v, and derive a contradiction to prove
the lemma. Recall that A7g ‘0, 7, Y £) is nonincreasing for all y < £.

Let S={r 3y<&)('(0, 7, y, )<vand (0)(o <7 =g'(0, 0, y, &) > V).

If S were a-unbounded, then defining p: § — € by p(7) = y if y is the least z< ¢
such that g ‘o, 1, z, &) <vandg "0, 05 z, £)> v for all 0 <7, since S is a-
recursive hence of order type a by the admissibility of a, p would be a one-one
a-recursive function. Hence a* <é< m, < a* by Lemma 2.12, yielding a contra-
diction. Hence S must be a-bounded. Let A= sup(S). Let | ={y: y<{and
8'(0, A, y, &) <vl. Since gy, £) <v for infinitely many y < £ and by choice of
A, ] must be infinite, but clearly J is a-finite. If x € M then x < y, and by (4.7),
x €T3 | for all but finitely many y € J. Hence MCU, (M)‘n s \nDD. Bue
card(]) < a* and for each j €], card(M, ﬁCf n[y]) <v<a¥, Smce thete is a
regular a-cardinal < o* such that v <7 and §< ™ U. €](M,\ N C AN [¥]) must
have a-cardinality < n < a*, hence order type < a*. Thus M must have order type
< a*. But M has order type > a*by Lemma 3.2 and Lemma 2.6. This contradiction
proves the lemma.

We now complete the proof of Theorem 4.2. By Lemma 4.9 and Lemma 4.10,
b: o x m, — m, is such that for each £< 75 Axh(x, £): @ — £ is an S3 projec-
tion, and b is an S, function uniformly in é< 7,. By Lemma 4.8, s3cf(7,) = w.
Hence by Lemma 2.22 s3p(7,) = ®. Let f;:7, — a be a tame S, projection, and
let f: @ — 7, be an §5 projection. By Lemma 2.14 and Lemma 2.19 fiof0—
a is an S, function, and is clearly a projection. Hence s3p(a) < w. Since a is a
limit ordinal, s3p(a) > w, so s3p(a) = w. This contradiction proves the theorem.
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Theorem 4.11. Let x € K, X € {A, B, R}. If there exists a kX« X-maximal
a-r.e. set, then s3p(a) = w and s2cf(a) < .

Proof. Assume first that there exists a kAkA-maximal a-r.e. set M. By (3.5)
and (3.6), M is a k-maximal a-r.e. set. Hence by Theorem 4.1, s2cf(a) < k. If
K S_a*, then by Theorem 4.2, s3p(@) = w. Assume « = a. If M is a-unbounded,
then M is a k Bk B-maximal a-r.e. set, so by Theorem 4.2, s3p(a) = . Assume
that M is a-bounded. By (3.5), M is an aAaR-maximal a-r.e. set, so by Lemma
3.3, Mis an a*Aa*R-maximal a-r.e. set. By (3.6), M is an a.*Aa*B-maximal a-r.e.
set, so s3p(a) =w by Theorem 2.2.

Assume next that there exists a kRkR-maximal a-r.e. set M. By (3.3) and
(3.6), M is a k-maximal a-r.e. set, so by Theorem 4.1, s2cf(a) <k. If « S_a*,
then by Theorem 4.2, s3p(a) = w. Assume k = a. If Mis a-unbounded, then M
is a kBxkB-maximal a-r.e. set, so by Theorem 4.2, s3p(a) = w. Assume that Mis
a-bounded. By (3.3), M is a aAaR-maximal a-r.e. set, so by Lemma 3.3, M is an
a*Aa*R-maximal a-r.e. set. By (3.6) M is an a*Aa*B-maximal a-r.e. set, so
s3p(a) = w by Theortem 2.2.

Assume, finally, that there exists a kBkB-maximal a-r.e. set M. By (3.4) and
(3.3), M is a k-maximal a-r.e. set, so by Theorem 4.1, s2cf(a) <«k. If k < a*,
then by Theorem 4.2, s3p(a) = w. But if k = a, then again by Theorem 4.2, s3p(a) = w.
Thus the theorem is proved.

5. Existence. In this section, we construct xx-maximal Q-r.e. sets
for x € ] and for certain admissible ordinals a. Combining this result with the
nonexistence results of $4, we obtain a necessary and sufficient condition for
the existence of xx-maximal a-r.e. sets in terms of cofinalities and projecta of a.
As we noted earlier, Friedberg [1] first constructed an wAwA-maximal a-r.e.
set. His construction was generalized by Kreisel and Sacks [3] to get an wBwA-
maximal a-r.e. set whenever "= @. Lerman and Simpson [9] pushed this con-
struction a step further to obtain an wBaA-maximal a-r.e. set whenever ts2p(a)=
®. Below we construct an aBBA-maximal a-r.e. set whenever s3p(a) = w, where
B = s2cf(a).

Our construction differs from previous constructions in that we are forced to
use an S, function in constructing maximal sets, whereas S, functions sufficed
for previous constructions. To our knowledge, this is the first use of §, func-
tions in priority argument constructions. They have subsequently appeared in
Shore’s [18] proof of the density theorem for the a-r.e. degrees. Sacks has been
predicting constructions of this kind. He reasoned that just as § , functions are
needed to generalize finite injury priority argument constructions, there should
be a similar notion for infinite injury priority argument constructions. We use the



MAXIMAL a-R.E. SETS 367

§, function to generate e-states, not priorities, but the function is of the type
Sacks had in mind.

Ve feel that the best way of presenting the existence proof, is by defining
certain functions, and presenting the construction and proof in terms of these
functions. Unfortunately, much of the intuition is lost by describing the con-
struction in this manner. Therefore, we will occasionally digress, and try to
intuitively describe what is happening. We hope that this will aid the reader to
follow the proof.

Theorem 5.1. Let a be an admissible ordinal, and let B = s2cf(a). Assume
that s3p(a) = w. Then there exists an aBfA-maximal a-r.e. set M.

Proof. One should imagine the construction as taking place on a x w. We
will refer to the point (%, y) € a X @ as row x, column y.

We will define a partial a-recursive function with a-recursive domain
g':axf —a. g: B —a will be the partial function defined by g(x) =
lim, _,g '(o, x), for all x < 8 such that lim__ g '(0, x) exists. Otherwise, g(x)
will be undefined. g will be strictly increasing on its domain, G, and g(G) will
be M. As aresult, M will have order type < 8.

Since s2cf(a)= B, by Lemma 2.9, there is a strictly increasing tame S,
cofinality function f: 8 — a. Let f': a x B — a be an a-recursive function
generating f as a tame S, function. fwill pick out a strictly increasing sequence
of rows of a x B, of order type 8 and cofinal with the rows of & x w. Elements
of M will be associated with these rows in increasing order, at most one element
with each row, so M will have order type < S.

Since s3p(a) = w, there is an S, projection b: @ — a. Let b':axaxwe—a
be an a-recursive function generating b as an S, function. b' will serve two
purposes in the construction. At each stage 7, b’ is used to associate an a-r.e.
set with each point of a x w. If (0, x) € @ x w, then wb’(cr.r,x) is associated
with (0, x) at stage 7. These a-r.e. sets are then used to determine e-states.

b’ is also used to pick out a column for row f'(7, %) at stage 7. If a column is
associated with row f'(7, x) at stage 7, we call this column ¢ '@, x). If no column
is to be associated with row [ (r, x) at stage 7, we may define ¢ (1, x) = .
Thus ¢': a x B = w + 1 will be a partial a-recursive function with a-recursive
domain defined during the course of the construction. ¢: 8 — w + 1 defined by
é(x) = lim, _ . '(0, x) will have the property that for each e < w, ¢~ ([e) is
bounded below 3. Hence for each e < w, we will eventually try to maximize the
e-states of all sufficiently large elements of M. '

e-state functions were introduced by Friedberg [1] to construct maximal w-
r.e. sets, and all known constructions of maximal a-r.e. sets use some device
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similar to the e-state function. The e-state function we use depends on one more

parameter than is the case with previous constructions of maximal sets, since we

use a different e-state function for each row of a x @ which is in the range of f.
We define the e-state function E: Bx w x a x @ — @ by

E(y, ey X, o)=2{23"': i<eand x € Wb’(l'(d,‘)’),d‘,i);'

The following properties are standard for e-state functions, and are easy to
verify.

(5.1) m < n = [(Ely, m, x, 0) < Ely, m, y, 0)) = (E(y, n, x, 0) < E(y, n, y, 0))];

if 0<r and for all i< e, b'(f'(0, ¥), 0, )

(5.2)
=b'(f'(r, y), 7, i), then E(y, e, x, 0) < E(y, e, x, 1); and

(5.3) E(y, e, x, 0) < 2+1,

Let y < 3. We say that y requires attention at stage o if one of the following
holds:

(5.4) f'(o, y) # lim,_.a/'(r, )

(5.5) lim, _ ¢ '(r, y) is undefined;

(5.6) lim, _ ¢ '(%, y) is defined, and for some z<lim,_ ¢ '(r, y),

b'(fl(oy }’)9 0,2) # lim b'(,,(aa y)9 1, 2);
r—0
(5.7) lim, _, , ¢ '(r, y) is defined, and lim

lim, _ . g'(%, y) is undefined;
(5.8) there are x<a, y<a, e <w, and v such that

é'(r,y) £ @, and

T—0O

y<v<B, x= }1_13’ g'(f, 0), y= rlig:xr g'(f, V),

e=1lim &'(r,y), and Ely, e, x, 0) < E(y, e, y, 0).

r—o
The construction.
Stage 0. For all y <P, g'(y, 0) and ¢ '(y, 0) are undefined.

Stage 0 > 0. Let y be the least v < 3 such that v <o and v requires attention
at stage 0. If no such y exists, set g'(o,v) = lim,_o,g'(f, v) for all
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v < inf({B, o}) such that lim, _, . g (7, V) exists; otherwise, g '(&, V) is undefined
Also, set ¢'(0, v)=lim, _ ¢ '(r, v) for all v < inf({B, 0}) such that

lim, ¢ '(r, v) exists; otherwise, ¢ '(0, v) is undefined. Then go to the next
stage.

If y exists, we proceed by cases, and say that y receives attention at stage o.

Case 1. y requires attention at stage o through (5.4).

For each v <y, define g'(o; v) = lim,_ g '(r, v) whenever lim, g '(r, v)
is defined. If v>yorlim._ g "7, v) is undefined, then g'(0, v) is undefined.
For each v <y, define ¢ (o, v) = lim. _ & '(r, v) whenever lim, ¢ "z, v) is
defined. I v>yorlim,_ ¢ '(r, v) is undefined, then ¢ (0, v) is undefined.
Then go to the next stage.

The ultimate purpose of the construction is to maximize the “‘e-state’’ of
g(y) for all sufficiently large y < B and all e <w; by “‘e-state’’ here, we mean
E(a)=3{2°"%:i<eand x € wb(i)}' However, we only allow ourselves 8 rows
to approximate . Hence when f' changes value at stage o, we need to use a new
row, which gives us a new e-state function. We therefore erase all the mistakes
we made, and start over again, leaving intact the work we have done which we
still think may be correct.

Case 2, y requires attention at stage o through (5.5), but not through (5.4).

Ve define g'(0;, v) as in Case 1, for all v<B. Also, define ¢ '(o; v) as in
Case 1forall v<Bsuchthatv#y. If y=0, set '(o; y)=0. If y£0,

& '(0; y) is defined as follows. Let e,(0) be the least i <w such that

b'(f'(o, y), 0, D # lim,, __,yb'(f '(0, V), 0, i) if such an i exists. Otherwise, let
€,(0) = . Let e,(0) be the least i <w such that lim,, _7¢'(0, v)<iif
limv~7¢'(a, V) exists and is less than w. Otherwise, let ez(a) =w. Let e(0) =
inf({el(a ), e 2(a)} ). Set ¢'(d, y) = e(0). Then go to the next stage.

In this case, we think we have the correct row, but have not yet chosen an
e = e(o) for which to maximize the e-state of g(y). We now choose such an e.

Ve try to choose this e so that for each i <w, {y <B: lim, _,¢'(s, y) = i} is not
cofinal with 8. This allows us to maximize e-states for all e < w. b tells us
when we have the correct e-state, so we can then go to the next e-state, and b’
approximates to this poiat.

Case 3. y requires attention at stage o through (5.6), but not through (5.4)
or (5.5).

Proceed exactly as in Case 2.

In this case, we find out that ' was a bad approximation to b for certain
values z at previous stages, so we lick our wounds by cancelling the part of the
construction dictated by the bad approximation, and prepare again to maximize
the e(o)-state of g(y), using a new guess at the values of b,
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Case 4. y requires attention at stage o through (5.7), but not through (5.4),
(5.5), or (5.6).

For all v< B, v #y, define g'(o, v) as in Case 1. Set g'(0, y)=o0. For
all v< B, v#y, define ¢'(s; v) as in Case 1. Set ¢'(0, y) = lim,_ ,&'(r, y) if
lim, _ ,¢'(r, y) exists; otherwise, ¢'(s, y) is undefined. Then go to the next
stage.

In this case, we have fixed upon an e-state which g(y) should maximize, but
do not yet have a candidate for g(y). We thus appoint 0-as such a candidate.

Case 5. y tequires attention at stage o through (5.8), but not through (5.4),
(5.5), (5.6), or (5.7).

For all v <, define ¢'(0; v) as in Case 4. Forall v <8 suchthatv#y,
define g'(0; v) as in Case 1.

Let x=lim,_g'(r, y) and e = lim, _ ,#'(r, y). Let v be the least p such
that y <p <B, lim, _, g'(7, p) exists, and E(y, e, %, 0)< E(y, e, lim___ og'(r, w, o).
Let y=lim,__g'(r, v). Set g'(d, ¥)=y. Then go to the next stage.

In this case, we have found a candidate, y, for g(y), with greater e-state than
that of the previous candidate, x. We thus make y the new candidate for g(y).

This completes the construction. Since the construction is a-effective, g
and ¢’ are partial a-recursive functions with a-recursive domains. We define M by

xeMe= (0> 2w <o)v<B =glov)£x).

M is clearly an a-r.e, set.
For each y <f3, define

B,, =lo: Qv <y)v requires attention at stage o)},
and

B_,, =lo: Qv <y)w requires attention at stage o}.

The following assertions are easy consequences of the construction. We
leave them to the reader to verify.

(5.9) If y requires attention at stage o, then some v <y receives attention
at stage 0.

(5.10) If 0> 7and g'(0, i) and g '(r, i) are both defined, then g'(o, i) >
g'(r, 9.

(5.11) If 6>, g'(0, i) and g'(7, j) are both defined, and g'(o, i) = g'(r, ),
then i <j.

As is the case with most constructions of maximal sets, there are three basic
lemmas needed to prove Theorem 5.1: Lemma 5.8 which says that for each y < 3,

B,y is a-bounded; Lemma 5.14 which says that M is not aB-finite; and Lemma 5.18
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which says that for each a-r.e. set C, either MNCorMNCis BA-finite. In
order to keep the proofs of all lemmas at a reasonable length, and since many
facts proved along the way are used in the proofs of more than one of the basic
lemmas, we will use a sequence of lemmas to prove the basic lemmas.

Lemmas 5.2 through 5.7 are proved with the intent of proving Lemma 5.8. We
use an induction argument to show that B, is a-bounded. Assuming B, is a-
bounded for all v <y, we show that B <y is a-bounded. We then show in succession,
assuming B ey is a-bounded, that y requires attention through each of (5.4)
through (5.8) a-boundedly often. This implies that B., is a-bounded.

Lemma 5.2. Let y < be given. Assume that for all v <y, B, is a-bounded.
Then B_,, is a-bounded.

Proof. Define an a-recursive function ¥': a x y-— a by ¥'(0, v) =
sup(By]a). Since B, is a-bounded for each v <y, lim, _ ¥ "(@, v) exists for
each v <y. Let {: y — a be defined by ¥(v) = lim _,alﬁ'(a, v). Then ¥ is an
S, function. Since y <f = s2cf(a), sup(¥({y])) < a. But then B_,, is a-bounded,
proving the lemma.

Lemma 5.3. Let y <p and 8 < a be given such that sup(B_,) < 8. Then

(5.12) if v.<y ando > 8, then f'(o; v) = ['(5, v). If, furthermore, for all
0> 8, y does not require attention at stage o through (5.4), then for all o > 8,
', n)=1'G,yx

(5.13) if v<y ando > 8, then ¢'(o, v) is defined. If, furthermore, for all
0 > 8, y does not require attention at stage o through (5.5), then for all o > 8,
'(0; y) is defined,

(5.14) if v<y anda > 5, then ¢'(o;, v) = ¢'(S, v) and b'(f'(0, v), 0, €) =
lim, _ b'(f'(0, v), 7, €) for all e < $"(8, v). If, furthermore, for all o> 8, y does
not require attention at stage o through (5.4), (5.5), or (5.6), then for all o > J,
¢, )=0',y) and b'({'(0,¥), 0, €)= lim,_ b '(f'(0, y), 7, €) for all
e <P, y) ‘

(5.15) if v<y,0>8, and $'(5, v) = e < w, then g'(0, v) is defined. If
v<yand g'(3, v) is undefined, then g'(o, v) is undefined for all o > 8. If,
furthermore, for all 0 > 3, y does not require attention at stage o through (5.4),
(5.5), (5.6), or (5.7), and &'(8, y) = e <w, then g'(o, y) is defined for all ¢ > &,
and if g'(8, y) is undefined, then g'(0; y) is undefined for all o > 8; and

(5.16) if v<y, a> 8, ¢'(5, v) is defined, and ¢'(5, v) = e < w, then
g'(0, v) is defined and g'(0, v) = g'(5, v). If, in addition, v < p < 8 and
lim,_,g'(r, p) is defined, then E(v, e, g'(3, v), 0) > E(v, e, lim, _ . g'(r, ), o).

Proof. If v <y, and 0 is the least A > & such that f'(A, v) £ (5, v), then



372 MANUEL LERMAN

f'(o, v) £ lim._, f (r, v) = / 'S, v). Hence v requires attention at stage o through
(5.4), contradicting the hypothesis of the lemma. Thus (5.12) must be true.

If v <y and 0 is the least A > 8 such that ¢ ‘(A, v) is undefined, then
lim; o, l<,‘IS'(T, V) is undefined. Hence v requires attention at stage o + 1
through (5.5), contradicting the hypothesis of the lemma. Thus (5.13)must be true.

If v<yand o> 8§, then by (5.13), ¢'(g, v) is defined. Assume that v <7y
and o is the least A > 8 such that ¢ ‘A, v) £ ¢'(5, v). Then lim, _, o,qS'(r, V)=
#'(8, v). . But by choice of o; $(0, v) is defined by ¢'(0, v) = lim, _ ,¢'(7, v).
Thus we have a contradiction unless ¢'(d, v) = ¢'(8, v). Since ¢'(5, v) =
lim, _ ,¢'(7, v) for all 0 > 8, if o is the least A> & such that 5'(f'(\, v), A, e) #
lim, ) b "(t'A, v), 7, e) for some e < ¢'(5, v), then v requires attention at stage o
through (5.6), contradicting the hypothesis of the lemma. Hence (5.14) must be
true.

If v<yand o> 39, then by (5.13), lim, _ ., ldf»'(r, V) is defined, and by (5.14),
lim, ., l¢'(1‘, v) = ¢'(5, v). Hence if ¢'(5, v)= e <w, then g'(s, v) must be
defined, else v would require attention at stage o + 1 through (5.7), contradicting
the hypothesis of the lemma. Furthermore, if g '3, v) is undefined, then for all
029, g'(o,v)=1lim,_,g"(r,v) = g'(5, v). Hence if g'(8, v) is undefined,

g'(o, v) must be undefined for all 0> 8. Thus (5.15) must be true.

Assume that v <7y, 0> 8, ¢'(8, v) is defined, and ¢'(5, v)= e <w. By
(5.15), g'(0, v) is defined. For all 7 such that 8 <7<, g'(, v) is defined by
g'(r, v) = lim A—18 ‘(M, v) unless v requires attention at stage 7 through (5.7). In
the latter case, since v <y, we must have 7 € B<7, hence 7 <y, contradiction.
Thus for all 7 such that §< <0, g'(r, v) = lim, _,g'®\, v)=g'(, v). In par-
ticular, g (o, v) = g'(3, v). Next, assume also that v <p <8 and lim, _, , g'(r, )
is defined, but E(v, e, g'(5, v), 0) < E(v, e, lim. _ g (7, p), 0). By (5.12),

f'o, v)=1'®, v)=lim, _ of'(r, v) = f(v), and by (5.14), for all i< e,

b'(f'(o, v), 0,i)= lim, _ b (W, v), 1 i)= lim,_, b "(fw), 1, i). Also, for all
i<e, lim _ _b'(fW), 7, )= b"(f), 8+ 1, i), else if 0 is the least A> 8 such
that lim,_, b'(f(v), 7, D) # b'(f(v), 8 + 1, d), then lim,_ b '(f'(0, V), 7, ©) =
b'(f(w), 8+ 1, )£ b'(f'(0, v), 0, i), hence v will require attention at stage o
through (5.6), contradicting the hypothesis of the lemma. Also, by (5.14),
lim, g '(r, v) = g'(8, v). Hence v requires attention at stage o through (5.8),
contradicting the hypothesis of the lemma. Thus (5.16) must be true. This con-
cludes the proof of the lemma.

Lemma 5.4. For each y < B, there is a 8 < a such that forall 0, if 6 <0 < a,
then y does not require attention at stage o through (5.4).

Proof. Since /' generates an S, function, there is a & such that for all
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0>8, ['(a,¥)={'(5, y). Such a § witnesses the truth of the lemma.
Lemma 5.5. If v <w, then ¢'(a, v) < @ for all o such that ¢'(0, v) is defined,

Proof. We show by induction on {v: v < w} that if ¢'(0, V) is defined, then
$'(o, v) V..

By induction, we can assume that ¢'(\, p) <pforallA<oand pu<v, or
A <g-and p = v, whenever ¢'(\, ) is defined. &'(o, v) can be defined in one of
three ways: Either ¢'(o, v) = lim, _, 095'(7, v), so by induction, ¢'(o, v) <v; or
¢'(0; V) = 0 if v = 0 in which case ¢'(o, v) <v; or ¢'(0, V) = e(0) where v > 0
and e(o) is defined as in Case 2 of the construction. In the latter case, v must
receive attention at stage 0, €(0) < €,(0), and e,(0) =lim, _,, d'lo, )+ 1=
¢'(0, v- 1)+ 1. Note that ¢'(0, v-1)= lim, _,  ¢'(r, v - 1) and that
lim,_, a¢'(f, v - 1) is defined, else v - 1 requires attention at stage 0; so v
cannot receive attention at stage 0. By induction, ¢'(o,; v - 1)<v -1, so
e,(0) <v. This completes the proof of the lemma.

Lemma 5.6. Let y < be given, and assume that sup(B_,) < a. Then there
is a stage 8 < a such that for all 0> 8, y does not require attention at stage o
through (5.5) or (5.6).

Proof. Let 8, < a be such that sup(B_,) < &, and for all 0> 8, y does
not require attention at stage o through (5.4). ‘30 exists by Lemma 5.4, Let e,
be the least i < w such that limv_,yt;b'(ao, v) < i if such an i exists, and e,=w
otherwise. By (5.14), (5.9), and the definition of 80, if 0>8, and y requires
attention at stage o through either (5.5) or (5.6), then y receives attention at
stage 0, the construction proceeds through either Case 2 or Case 3, and e,(0) =
e,. Let e, be the least i <® such that lima_‘ab'(/'@o, y), 0,i) £
lim,, ., b '(['(80, V), 8, i), if such an i exists, and e, = w otherwise. Let e=
inf(le,, e,}).

Assume first that e <w. Let &, be the least A such that §; <A< a and for
allo>Aandi<e, b'(f'(\, y), 0, )= lim,_  b'(/'A\, y), 7, i). Since e <w, the
definition of »' implies that 31 exists. By (5.12) and (5.14), if 0> 81 and y
requires attention at stage o through (5.5) or (5.6), then e (0) = e, hence e(0) =
e=¢'0, .

If there is no o € B,y such that 0-> 0, and y requires attention at stage o-
through (5.5) or (5.6), choose & = &, to prove the lemma. Otherwise, choose &
to be the least stage o € By such that o> 31 and y requires attention at stage o
through (5.5) o (5.6). Then for all ¢ > 8, ¢'(d, y) is either defined by ¢'(s, y) =
lim, _, ,#'(7, ), or '(0, ) = e(0) = e. In either case, $'(s, ) = e for all a>8,
so for all 0> &, lim, _, o¢o'(r, ) is defined. Hence if o> 8, y cannot require
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attention at stage o through (5.5). Since ¢'(o, Y)=e= lim, _, a¢'(r, y) for all
0> 8, by choice of 8> 8,, y cannot require attention at stage o through (5.6) for
any 0> 0. Hence the lemma is proved if e <w.

Next assume that e = w. We define an a-recursive function ¢¥': a x © —a
as follows: If 0 <8 and i<w, ¥'(g, i) = 0; and if 0> 8 and i<w, Y¥'(0, i) =
sup({A: A <o and b'(f '(50, YA D#ED "tf '(80, y), 0, i}). By definition of b’,

o —ab "f '(80, ), 0, i) exists for each i<w, so lim, _al//'(a, i) exists for
each i < w. Define ¥: @ — a by Y(i) = lim, _,,¥'(0, i). ¥ is an S, function.

If y<w,then e, = limv_.,y¢'(30, V)+1= ¢'(80, y— 1)+ 1 which is defined by
(5.13), and ¢\'(80, Y- 1D <w by Lemma 5.5. Hence e,<w, so e<w yielding a
contradiction. Therefore, y > @ and since s2cf(a) = B>y, s2cf(a) > w. Hence
Y(wl) cannot be cofinal with a. Let o, = sup(¥(w]) U {50}). Then 81 < a and
forall ¢>8 andall i<w, b'(/'By, ¥), 05 )= b'(f'By, ¥), 8,, i). Now if

0> 8| and y requires attention at stage ¢ through (5.5) or (5.6), since 8, > &, y

lim

will receive attention at stage o, the construction will proceed through Case 2 or
Case 3 at stage 0; and e(0) = e = ¢'(0; y). The proof is now completed exactly
as in the preceding paragraph.

Lemma 5.7. Let y <B be given, and assume that sup(B_ y) < a. Then there
is a stage & < a such that for all 0-> 8, y does not require attention at stage o
through (5.7) or (5.8) .

Proof. Let &, < a be such that sup(B<,y) <6, and for all 0> 8, y does not
require attention at stage o through (5.4), (5.5), or (5.6). & exists by Lemma 5.4
and Lemma 5.6. By (5.9) and the choice of 8, if 0> 8 and y requires attention
at stage 0, then y receives attention at stage o, and the construction proceeds
through Case 4 or Case 5 at stage 0.

Let B=B,N {o: 0> 8} If B is finite, then the lemma follows immediately.
So assume for the sake of contradiction, that B is infinite. Let {A: i <w} be the
first w elements of B in order of magnitude. By (5.13) and (5.14), for all 02'80,
#'(0, y) is defined; and ¢'(0, y) = '8, ¥) = lim,_, ,8'(r, y) for all 0 > 8.
Hence for all i such that 0 <i<w, lim _,, .¢'(T, y) is defined. Furthermore,

g '()\i, y) is defined for all i <w and if )ti <o< )ti +1 & ‘o, ) = lim, _, g 'r, y) =
g'(A;, y). Hence if 0<i<w,y does not require attention at stage A, through
(5.7), so y must require attention at stage A; through (5.8). But then for each i
such that 0 < i< w, since Ai > 8, by (5.12), (5.13), and (5.14), f'()\,., ¥) = f(y),
¢'()ti, y) = ¢'(80, y) = lim__, '¢'(r, y), b '(/'()ti, A, D= B'(f(y), 8 s 1) for all
i<é '(80, ), and ¢'(80, y) <lm. By Case 5 of the construction we must have
E(y, ‘75'(80’ v) 8 '(’\,-v 12 Ai +1) < E(y, ¢)'(80, Y, 8 I()‘iﬂ» 125 A’i«l»l)‘ By (5.2),
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E(y, ¢'(80’ Y 8 ,0‘,'+p ), Ai-l-l) < E(y, ¢I(80’ N ’()‘,--pp 125 '\,-+ 2)~ Thus
{E(y, $'(Bg, ¥), 8'(N,, ¥), A 4y): i <o} is infinite, and $'(3, ¥) <w, contradict-
ing (5.3). This completes the proof of the lemma.

Lemma 5.8. For each y <f3, B., is a-bounded.

Proof. The proof is a straightforward transfinite induction on {y: y < 8}
using Lemma 5.2, Lemma 5.4, Lemma 5.6, and Lemma 5.7.

We define the partial function g: 8 — a by g(x) = lim_ _ g '(0, %). Similarly,
we define ¢: B — @ + 1 by ¢(x) = lim_ _ ,$'(; x).

Our next basic lemma is Lemma 5.14, which says that M is not aB-finite.
Lemmas 5.9 through 5.13 are aimed at proving this lemma. The proof is almost
immediate from the following two facts: The range of g is cofinal with a; and M
is exactly the range of g. The other lemmas provide some necessary information
about g.

Lemma 5.9. If g(y) is undefined, then there is a 6 < a such that for all
0>39, g'(0,y) is undefined. Furthermore, ¢ is total on [S].

Proof. Let y <f3 be given. By Lemma 5.8, there is a 8 < a such that
sup(B,)) < 8. Fix such a 8. Note that B, .1 =B,.

For all 6> 8, g'(0, y) = lim, _, , g (7, ¥). Hence by (5.16), if g'(5, y) is
defined, then g'(0, ¥)= g'(3, y) for all 0 > 8. In this case, g(y) =lim,_g'(0, y)=
g'(8, y) is defined. Therefore g'(8, y) must be undefined. But then for all
g>90, ¢ "o, 7)= lim, _, ag'(f, ¥), so g (o, y) must be undefined. This proves
the first part of the lemma.

By (5.13), ¢'(8, y) is defined, and by (5.14), ¢'(0; y) = ¢ (3, y) for all
0> 8. Thus ¢(y) = lim, _,4'(0, ¥) = $'(8, y), completing the proof of the lemma.

Lemma 5.10. dom(g) is cofinal with B.

Proof. We assume, for the sake of contradiction, that the lemma is false.
Then there is a y <8 such that for all v, if y <v < then g(v) is undefined.

Fix such a y, and fix v such that y <v < 8. We first show that ¢(V) = @.
(Note that by Lemma 5.9, ¢(v) is defined.) Assume that ¢(v)=e<w. Let 6<a
be such that sup(B )< 8. 8 exists by Lemma 5.8. By (5.13) and (5.14), ¢'(8, v)
is defined, and ¢'(0, v) = ¢'(5, v) = $(v)= e for all 0 > 8. Hence if o > &,
lim, _ ¢'(r,v)=e. Let 0, > & be such that g ‘¢ 1 V) is undefined, 9, exists
by Lemma 5.9. We now note that v requires attention at stage &, through (5.7),
contradicting the choice of 8, > 8. We must therefore conclude that ¢(v) = w,
and so ¢'(0; V) = » for all sufficiently large 0.

We next show that for all i <w, b(i) = lim__ b '(f(y), 6, i). For assume not.
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Let i be the least j < such that b(j) # lim_. _ b "(/(&), o, 7). Since the range of
{is cofinal with @, k(i) = lim, _ lim, _,b'(7, 0, 9) = lim, __glim, _,ob'(), 0y ).
Thus there is a v such that y <v < and lim_ _ b'(f(), 0, 0) #

lim, _,b'(f(y), 0, i). Fix the least suchv. Let &, be the least £ < o such that
sup(B_,) < ¢ and such that if v requires attention at stage o through (5.4), then
0 <& &, exists by Lemma 5.8. Also, {o < £: ¢/(0; v) is undefined} is cofinal
with £, so lim, _, ¢ #'(r, v) is undefined. Let £, be the least £< a such that
b'(fWw), & ) =lim, _,b'(f®), 0, f) for all j < i. Since i <w, & must exist by
the definition of b'. By choice of y and £, and by (5.12) and (5.14), if 0 > &,
and j<i, then lim,_ b '(f'(0, ), 0, ) = lim,, _, b (), 0, ) =

lim, _, lim, b ‘(f@), 0, )= '), &y, 7). Let €= max({&;, £1D). X €= &,
then since lim, _, §¢'(T, v) is undefined, v requires attention at stage £ through
(5.5% and if £=¢&,> &, since b'(f'¢,v), &, D) # lim, b "(f'€, V), 7, 1), either
v requires attention at stage & through (5.5), or v requires attention at stage &
through (5.6), or lim, _z¢'(r, v) is defined and lim, ., ¢'(r, ) <i. In either of
the first two cases, ¢'(£, v) is defined by Case 2 or Case 3 of the construction;
¢'(¢,v) = e(§) < e,(£) = i, hence ¢ (£, v) < w. In the third case, $'({, v) =
lim, _ ,¢'(r, ¥) <i<w. By induction on {o: £ < 0 < al, since b'(f'o, v), 0, ) =
lim, _,5'(f'(,v), 7, j)forall j<iand 0> & ¢'(0, V) = lim, _ ,¢'(7, v) =

¢'(€, v) < o, for all o such that £ <o < a. Hence ¢() = ¢'({, v) < w, contradict-
ing the fact that é(v) = w for all v such that y <v < a. Thus for all i <w, h(i)=
lim,, _b'(f(y), o, ).

Let 8, be such that sup(B,)<6,<a. 8, exists by Lemma 5.8. By (5.14),
¢'(82, ¥) = 6() = w, and b'(f(¥), 32, i) = b(i) for all i <w. Hence b is an a-
recursive function. Since a is admissible, and since h(w]) = a, we must have
a =w. Hence B = s2cf(a) = @, and since y <, y <w. By Lemma 5.5,
¢'(0, ¥) < @ for all o such that ¢'(0, y) is defined. But since @(y) is defined
and @(y) = lim a_,aqS' (0, ¥), $(y) <w. This contradicts the fact that we previously
showed that ¢(y) = w, and completes the proof of the lemma.

Lemma 5.11. U{B#: © <P} is cofinal with a.

Proof. Let £< a be given. If no y <f requires attention at any stage
o > £ through (5.4), then f(v) = f (€, v) for all v < B, hence f is an a-recursive
function. Since a is admissible and [ is a cofinality function, we must have
B =a. Thus there is a y <8 such that <y,

At most one v < f3 receives attention at any given stage 0, and the least v
which requires attention at stage o receives attention at stage 0. Also, ¢'(o, v)
cannot be defined if v has not received attention at any stage & <o, for (0, v)
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is unaefined and for all 8 <o, either ¢'(5, v) is undefined, or ¢'(5, v) =

lim, _, 8¢o'(1', v) which, by induction, is undefined. By the construction, ¥ cannot
receive attention before stage y. Hence y requires attention at stage y through
(5.5). Thus y € U{B#: p<Bland £<y<a, proving the lemma.

Lemma 5.12. The range of g is cofinal with a.

Proof. Let 8 < a be given. By Lemma 5.11, there are ¥ <8 and A such that
8 <A< a, and y requires attention at stage A. By (5.9), some p <y receives
attention at stage A. Fix such a g and A. Let v be such that p <v < and g(v)
is defined. Such a v exists by Lemma 5.10, Fix such av. Then g'(, v) is
undefined. Let o be the least stage such that A <o < a and g'(g, V) is defined.
0 must exist since lim, _,g'(r, v) = g(v) is defined. Since lim, __g'(r, v) is
undefined, g'(0s ) can only be defined by g'(d; v) = 0. By (5.10), if 7> o and
g'(r, v) is defined, then g'(r, v)> g'(0, v) = 6. Hence g(v) =lim, _,g'(r, V) > 0.
Since 8 <A <0< a, g(v) > 8, completing the proof of the lemma.

Lemma 5.13. x € M = x is in the range of g.

Proof. Assume first that x € M. Then for all ¢ > x, x is in the range of
Ayg'(o, y). Let C=1{y: (30> x)(g'(0, y)= x)}. By (5.11), if y, z € C, y # 2,
x<0<7, and g'(o, y) = x= g'(r, z), then 2 <y. Hence C must be finite, else we
could construct an infinite decreasing sequence of ordinals. Let y be the least
element of C, and let ¢ > x be such that g'(s; y) = x. Then g'(r, y) = x for all
7> 0, hence g(y) = x. Thus x is in the range of g.

Conversely, assume that x € M. Then there is a 0> x such that x is not in
the range of Ayg'(d, y). We show that for all 7> 0, x is not in the range of
Ayg'(r, y). Hence x cannot be in the range of g.

Assume, for the sake of contradiction, that for some & such thato <8< a, x
is in the range of Ayg'(5, y). Fix the least such 8. Let z be such that
g'(®, z) = x- Then for all 7 such that 0 <7< 8, x is not in the range of
Ayg'(r, y), so g'(3, z) cannot be defined by g'(5, 2) = lim, _5g'(r, ¥) for any
¥y <B. Thus g'(3, z) must be defined by Case 4 of the construction as
g'(d, z2)= 8. Since g'(8, 2) = x and x <0 < 8, we have the contradiction needed
to prove the lemma.

Lemma 5.14. M is not aB-finite.

Proof. By Lemma 5.13, M is the range of g, and by Lemma 5.12, the range of
g is a-unbounded. Hence M is a-unbounded, so M cannot be aB-finite.

Our final basic lemma, Lemma 5.18, says that for all a-r.e. sets C, either
MNCoMNCis BA-finite. Lemmas 5.15 through 5.17 are aimed at proving
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this lemma. The main idea is to show that for each e < w, ¢~ l([e]) is not cofinal
with B. I will then follow that b’ is a sufficiently good approximation to b to
allow the proof to proceed along the standard lines of proofs of the existence of
maximal sets.

Lemma 5.15. If y <v < B and g(y) and g(v) are botb defined, then g(y) < g(v).

Proof. It is easy to see by induction that for all g, if g'(g, y) and g'(0, v)
are both defined and y < v, then g'(0, y)< g'(0, v). But there is a 0< a such
that forall r> 0, g'(r, y)=g'(0, y) and g'(r, v) = g'(0, v). Fix such a 0. Then
gy)=lim _,8'¢,¥)=g'(0,y)<g'(0, V) =lim__ g"(r, v) = gw).

Lemma 5.16. Let e <  be given. Then there is a y < B such that for all
v, if y<v<PBthen ¢p(v)>e.

Proof. By Lemma 5.9, ¢(v) is defined for all v such that y < v < 8. The proof
is by induction on {e: e < ). Assume as an induction hypothesis, that y< 8 is
such that for all v such that y<v< B, ¢(w)>e~1,if e £ 0. If e =0, the lemma
is immediate.

By the definition of ', there is a A < @ such that for all i< e and all o such
that A< o< a, limr__.ab'(a, 7, i) = b(i). Fix sucha A. Since f: B —a isa co-
finality function, there is a v such that y < ¥ < 8 and f(v) > A. Fix sucha v. We
show that for all pu such that v< p < B, () > e.

Assume, for the sake of contradiction, that ¢(u) < e for some p such that
v< p< B. Fix the least such p. Since { is strictly increasing, f(u) >A. Let 8,
be the least 8 such that sup(B_ ) < 0 and if p requires attention at stage o through
(5.4), then 0< 3. §, exists by Lemma 5.8. By (5.12), (5.13), and (5.14), for all
028, f'(0, p) = f(u);-and for all 0> 8, and E< p, $'(0, £) = $'(8, ) and
B'(f(£), 0, )= b"(/(£), 8 i) for all i < '8, €). We note that ¢'(r, p) is unde-
fined for a set of stages r < § cofinal with b 0 S° limr 3 &'(r, p) is undefined.
Let 5, be the least stage 8 such that b'(/ (), 3, i) = b'(f(u), r, i) for all i< e and
r>8. 8, exists by the definition of b'. Let §=max(15), §,1). Ve note that if
8,2 8,, prequires attention at stage J through (5.5), and if 5, < 8, then either pt
requires attention at stage & through (5.5), or p requires attention at stage &
through (5.6), or lim, _ 5 '(r, p) is defined and lim__ s'(r, p)<e-1.

Assume first that p requires attention at stage 8 through (5.5). Then p receives
attention at stage 8, and the construction proceeds through Case 2 at stage 8.

Since 8 > 8, for all 7> 9, lim, _‘ﬂqS'(r, 6= lilinf_#cﬁ'(S, &) >e~1 if this
limit exists, as a result of the induction hypothesis. Hence e,(r)>e-1+1=e
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whenever p requires attention at stage r through (5.5) or (5.6) and 7 > 8. Also, by
choice of g, for all 7> and i < e, by (5.14) and the jnduction hypothesis,

b'(['(f, P»)o Ty i) = b'(/(ﬂ)y Ty i) = b'(/(ﬂ): 0, i) = é!im lim b'(/(f), LAY i)
—pr—a
= lim b'(f(9, 8, 3) = lim b'(f'(r, &), 1, ).
E—p E—n
Hence if 7 > & and p requires attention at stage r through (5.5) or (5.6), then
e,(r) > e. Hence for all 7 > 9, either ¢, p)=e(0)>e,or ¢'(r,p)=
lim;_,¢'(o, p), so in any case, if r >5 and ¢'(r, ) is defined, then ¢'(r, p) > e.
Hence ¢(p) > e, yielding the desired contradiction.

Assume next that p requires attention at stage & through (5.6), but not
through (5.5). Then p receives attention at stage 8, and the construction proceeds
through Case 3 at stage 8. We obtain a contradiction exactly as in the preceding
paragraph.

Finally, assume that limr_,sqS'(r, w=j<e-1,and b'(f'G, p), 8, i) =
lim, _,sb'([ '@, w), r, i) for all i < j. If the latter does not hold, then g would
require attention at stage § through (5.6), and we would be done by the preceding
paragraph. Since for all 0> 8 and i < j, b'(f'(a, p), 0, i).=b'(f' (0, p), 8, i), for
all > 8 ¢'(0, p)=lim__ ¢'(, )= 'S, p). Hence $(w)=¢'(, p) =
lim, _, 8¢'(r, @) < e - 1, contradicting the induction hypothesis. This final con-
tradiction concludes the proof of the lemma.

Lemma 5.17. For all e < w, there is a y < B such that g(y) is defined and
for all v such that y <v< B, gw) e W, if and only if gly) €W,

Proof. By Lemma 5.16 and the definition of ', there is a y < 8 such that
for all v, if y< v < B, then ¢(V) > e and lima_,ab'(/(v), 0,i)=b(i)forall i< e.
Fix e <® and fix the least y as in the preceding sentence for e. By induction,
for all i < e, there is a v such that y < v < 8 and whenever p and £ are such that
v<pu< B, v<E€< B, and glp)and g(f) are both defined, then glu) € W, ;) =
g&) eV, Fixsuchav.

We assume, for the sake of contradiction, that we have a p and £ such that
v<u<€< B, gp)and g(f) are both defined, g(u) £ W,y and g(§) €W, . Let
Obea stage such that £ <8< a, sup(Bg)< 8 and forall i<e, gu) € Wiy = )

g(p) € Wb(') and g(§) € Yoy =g e Wb( iy 0 exists by Lemma 5.8 and since
Wb( ;) is an a.-recursive approximation to W, ... By (5.16), g '®, &) =g¢) and

g', w)=glu). By (5.12), f'(], &)= (&) and [' (5, p) = f(g). By (5.13) and (5.14),
and since v< pu< &, 6’5, E) =) >e, ¢, p) = p) > e, and b'(f'S, &), 8, i)=
b)) =b"'(f' (S, p), 8, i) for all i < e. Hence by choice of 8, E(y, e, g(p), 8) <
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E([J., €, g(f)y 8)0 By (5-1), E(Il" ¢(F-), g(ﬂ), 8) < E(ﬂ, ¢(ﬂ), g(f) N 8), which contra-
dicts (5.16). This completes the proof of the lemma.

Lemma 5.18. If C is any a-r.e. set, then either C A M or C N M is BA-finite.

Proof. Let C be an arr.e. set. Then C = Woier for some e_< (o_since bisa
projection. By Lemma 5.15 and Lemma 5.17, either C N M or C N M is a-bounded.
Let 8 < a be the least bound for either C "M or C N M. By Lemma 5.12, there
is a v < B8 such that g(v) > 8. By Lemma 5.15, g(u) > & for all g such that
v < p<pB. Hence by Lemma 5.13, ﬁ]s has order type < v < B. Let y be the order
type of Eﬂs. Note that y < 8. By Lemma 2.12, B< a*so y<B<a*. Hence
1\—4]8 is a~finite by Lemma 2.6.

If sup(CN M)= S,then C N M=Cn H]s, so C NM is an ar.e. set. Since
C N MC Ml, C N M has order type y < B< a*. By Lemma 2.5, C N M is a-
finite, so C N M is BA-finite.

If sup(E NM)=5,then C NM= C UM, and C UM is an a-r.e. set. Since
c nms=f NM,8<a,and y<B§a*,LemmaZ.6tells us that C N M is a-
finite, so C N M is BA-finite. This completes the proof of the lemma.

Since M is an a-r.e. set, Theorem 5.1 follows immediately from Lemma 5.14
and Lemma 5.18.

We are now ready to give the necessary and sufficient condition for the
existence of maximal a-r.e. sets.

Theorem 5.19. Let x € K and X € {A, B, R}. Then there exists a kXkX-
maximal a.-r.e. set if and only if s3p(a)= @ and s2cf(a) < K.

Proof. If there exists a kXkX-maximal a-r.e. set, then by Theorem 4.11,
s3p(a) = w and s2cf(a) < .

Assume that s3p(a) = w and s2cf(a) = B < k. By Theorem 5.1, there exists
an a BBA-maximal a-r.e. set M. Since k<a, by (3.1), M is a kBBA-maximal a -
r.e. set. Since k> f3, by (3.2), M is a kBkA-maximal a.-r.e. set. By (3.4), M is a
KRxA-maximal a-r.e. set, so by (3.3), M is a kAkA-maximal a-r.e. set. By (3.5),
M is a kRkR-maximal a-r.e. set. By (3.5), M is a kBkR-maximal a -r.e. set so by
(3.6), M is a kBkB-maximal a.-r.e. set. This completes the proof of the theorem.

6. Concluding remarks and open questions. We have studied maximal a-r.e.
sets from a lattice theoretic point of view, and have obtained a necessary and
sufficient condition for their existence, for various definitions of maximal set.

A. Nerode once asked us if maximal w-r.e. sets could be constructed using
some method radically different from the usual e-state construction. As we view
it, an e-state construction differs from the usual finite injury priority method con-
struction in that one approximates to requirements and tries to satisfy these
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approximations instead of trying to satisfy the natural requirements. Sacks and
Simpson [17] have shown that finite injury priority arguments can be done for all
admissible ordinals. But the failure of maximal sets to exist for all admissible
ordinals is directly a failure of the method of e-states. Our necessary and suffi-
cient condition for maximal a-r.e. sets to exist shows that any other method for
constructing maximal w-r.e. sets must have the same drawback as the e-state
method.

The failure of maximal a-r.e. sets to exist for all admissible ordinals a
should not be construed as a failure of the priority argument technique to general-
ize. For when it can be used to obtain maximal a-r.e. sets, the priority argument
is virtually the same as that discussed in [17] to solve Post’s problem. This
failure should rather be attributed to the impossibility of obtaining requirements
to which a priority argument can be applied. When maximal sets can be constructed,
the requirements are obtained by using e-states, and it is these e-states which
cannot always be generalized.

The failure of the e-state method in generalizations, is already evident for
e = . In trying to maximize the w-state of the xth element of M (M is a maximal
a-r.e. set), one may try @ successive elements with successively increasing w-
states as candidates for the xth element of ﬁ, and then have no candidate whose
w-state is greater than the w-states of all the preceding candidates. We like to
think of this as a failure of compactness. In particular, the principle that every
finite set of integers has a greatest element is what is lacking when one replaces
“finite’” with “‘a-finite’’ and '‘integers’’ with *‘ordinals’’.

Along with further comments, we list some open questions below. These
questions are primarily meant to reflect our interest in the relationship of maximal
a-r.e. sets to &(@). There are also many questions about &(@) not related to
maximal sets. Ultimately, we hope that the structure of &(a) and the decidability
of Th(&(@)) will be determined. The first two questions, however, consider maxi-
mal sets from a different point of view.

Maximal w-r.e. sets were used by Martin and Pour-El to construct a maximal
w-r.e. elementary theory.

(Q1) Can the results of [11] be extended to arbitrary admissible ordinals? If
so, is there any preferred definition of maximal a-r.e. set which can be used to
obtain this result?

There are many generalizations of ordinary recursion theory, of which a-
recursion theory is just one. For each such generalization questions of a similar
nature to those dealt with in this paper should be considered.

(Q2) For every generalized recursion theory, what is a necessary and suffi-
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cient condition for the existence of maximal sets? In particular, we would like to
single out Kreisel’s replacement of “‘a-r.e.’”’ with “*s.i.i.d.”’ for consideration.

In §2, we indicated why the {2 : 7 < o} hierarchy was not suitable for de-
fining the necessary and sufficient condition for the existence of maximal a-r.e.
sets. We introduced definitions for functions to be §, and S We say that f is
an §, function if f is a 2 function, and for 3<»< m, we say that f: B —a is
an Sn function if there 1s a function g: @ x B — y such that g is uniformly an
Sn-l function in its first coordinate, and such that for all x < 8, f(x) =
lim_ _ . 8(0s x). Thus we have a new hierarchy {S :n<w}. We are interested in
the relauonshxp between this hierarchy and the {2 n < w} hierarchy. It is easy
to see that if f€ S ,then f€ U({E n< wl).

@) K [eX ,is fe US,: n<wl)? More particularly, is 3 =S, for any n> 2?

&(a) was defined in the introduction. _A good introduction to &(w) can be
found in Rogers [14]. Let Y C &(a). We say that U is lattice theoretic over &(a)
if there is a formula F(x), in the language of lattice theory, with one free variable
x, such that if C € &(a), then C € ¥ if and only if F(C).

In$ 3, we showed that F = {X: X is a*A-finite} is lattice theoretic.over &(a). )

(Q4) Is there any other definition of finiteness in $3 which gives rise to a
class § £ F such thae G is lattice theoretic over &(a)?

In §3, we showed that M = {M: M is an a*Aa*A-maximal a-r.e. set} is lattice
theoretic over &(a).

(Q5) Is there any other definition of maximality in §3 which gives rise to a
class G £ such that § is lattice theoretic over &(a)?

Towards answering (Q4) and (Q5), we propose the following questions. Con-
sider all the definitions of maximal a.-r.e. sets in §3. “For each such definition:

(Q6) What are the possible order types of maximal a-r.e. sets M with Ma-
unbounded?

(Q7) What are the possible order types of maximal a-r.e. sets M with Ma-
bounded?

(Q8) When do two different definitions give rise to the same class of maximal
Qer.e. sets?

(Q9) What is a necessary and sufficient condition for the existence of a maxi-

mal a-r.e. set M with M a-bounded?(7)

(7) (Q6), (Q7), (Q8), and (Q9) have recently been answered by A. Leggett in her
doctoral dissertation written at Yale University.
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If C and B are any two a-r.e. non-a-finite sets,and f:a —- Cand g:a — B
are one-one Q-recursive functions enumerating C and B respectively, then the map
f(x) & g(x) is a lattice isomorphism of {X: X C C and X € &(a)} and {X: X C B
and X € &a)}. Hence, setting B = [a] there exists an a*Aa *A-maximal a.-t.e. sub-
set of C if and only if there exists an a*Aa*A-maximal a-r.e. set. Hence if the
necessary and sufficient condition answering (Q9) is not the same as the
condition in Theorem 5.19, one could define the a-finite sets for such a
where the conditions give different answers for existence, by F is a-
finite if F is aA-finite or F has no a*Aa*A-maximal a-r.e. subset. Hence
(Q9) may well be relevant to finding an answer to (Q4).

Call M a maximal subset of S under any given definition of maximality, by
replacing every occurrence of M in the definition with § - M. Thus M is maxi-
mal in § if § — M is not kX-finite and cannot be split into two non-x X-finite pieces by any
a-r.e. set. A maximal set M is of type 1 if given any a-r.e. set S maximal in M,
there is an a-r.e. set C such that $ = M N C. Otherwise, M is of type 2. Lachlan
[6] showed that every maximal w-r.e. set is of type 1. Owings [13] showed that
there are maximal sets of both types in Metarecursion Theory, but his proof is
valid for all & such that @ >  and a*= w.

(Q10) Given any a such that maximal a-r.e. sets exist, what types of maximal
sets can exist?

In §3, we indicated that for various definitions of finiteness, the quotient
&(a)/finite(a) is a lattice. For @ = w, Lachlan [6] has shown that &(w) and
&w)/finite(w) have the same degree of decidability.

(Q11) For which definitions of finiteness can the above mentioned theorem of
[6] be proved?

(Q12) When are two quotient lattices as above isomorphic (2¢)?

(Q13) When are two quotient lattices as above elementarily equivalent (=)?

(Q14) When is the elementary theory of such a quotient lattice decidable?

For each admissible ordinal a, Th(6(a)) is a constructibly countable subset
of w. Hence there can be at most Nf‘ distinct theories Th(&6(@)) as a ranges over
all admissible ordinals. Since the class of a*4a*A-maximal a-r.e. sets is lattice
theoretic over &(a), Theorem 5.19 implies that there are at least two distinct
theories as above.

(Q15) How many distinct theories Th(&(a)) are there?
(Q16) If o #B and a and B are admissible ordinals, what is a necessary
and sufficient condition for 6(a) =~ g(ﬁ)? Are there admissible ordinals a # B

such that &(a) = &(B)?
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(Q17) I a and B are admissible ordinals such that a £ B, what is a necessary
and sufficient condition for &(a) = &(8)? Note that since there are at most R'l"
distinct theories, there will be many admissible ordinals a and 8 such that a £ 8

and &(a) = &(B).

The remaining questions deal with the decidability of Th(&(@)). r-maximal
a-r.e. sets are lattice theoretic over &(), and Lerman and Simpson [9] have shown
that none exist for some admissible ordinals @. Lachlan [6] and Robinson [14]
have shown that r-maximal w-r.e. sets exist.

(Q18) What is a necessary and sufficient condition for the existence of r-
maximal a-r.e. sets?

Lachlan [6] has shown that the class of hyperhypersimple w-r.e. sets is lat-
tice theoretic over &(w). Use this lattice theoretic definition to define hyper-
hypersimple a-r.e. sets.

(Q19) What is a necessary and sufficient condition for the existence of hyper-
hypersimple a.-r.e. sets?(8)

More generally, in reference to decidability,

(Q20) What is the Turing degree of Th(&(a)) for a-admissible? In particular,
for which a, if any, is Th(&(a)) decidable?

(Q21) What is the Turing degree of N { Th(&(2)): a-admissible})? Is this
theory decidable?

One of the major open questions of ordinary recursion theory, is the decid-
ability of Th(&(w)). Th(&(a)) seems to have less structure than Th(g(co)) for
some admissible ordinals a. In particular, for a = R'l", there are no maximal a-
r.e. sets and no r-maximal a-r.e. sets. It is our feeling that the question of the
decidability of Th(&( R'l")) is easier than the same question for Th(&(w)).
Answering the former question may yield some information on the latter question.

Soare [20] has recently shown that if M , and M, are any two maximal w-
r.e. sets, then there is an automorphism of &(w) carrying M, to M,. In the case

of N'{', it is not known whether the simple R:‘-r .e. sets can be divided into two
disjoint nonempty classes through a formula, lattice theoretic over 5(!(:‘)-

(Q22) For which admissible ordinals @, is there a formula F(x) lattice theo-
retic over &(a) which divides the simple a-r.e. sets into two disjoint nonempty

(8) Recent results of S. B. Cooper, C. T. Chong, and M. Lerman have yielded both
existence and nonexistence results for hyperhypersimple a -r.e. sets for a large class of
admissible ordinals a. There are still some cases, however, where the question has not
been resolved.



MAXIMAL a-R.E. SETS 385

classes? In particular, is there such a formula for a = N:‘?

If no hyperhypersimple Ni‘-r .e. sets exist, then the following question seems
reasonable.

(Q23) Let §, and § , be any two distinct simple Ri‘-r.e. sets. Is there an
automorphism of 5(N’;) carrying S, to §,?

Finally, we return to Lachlan’s [5] theorem mentioned in the introduction,
that a certain class of sentences of Th(&(w)) is decidable over &(w). This
theorem was extended by Machtey [10] for a* = w.

(Q24) For which admissible ordinals @ is Lachlan’s class of formulas de-
cidable over &(a)?
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